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The LieAlgebra of Smooth Sections of a T-bundle

M. Nadjafikhah and H.R. Salimi Moghaddam

Abstract: In this article, we generalize the concept of the Lie algebra of vector fields
to the set of smooth sections of a T-bundle which is by definition a canonical
generalization of the concept of a tangent bundle We define a Lie bracket
multiplication on this set so that it becomes a Lie algebra. In the particular case of
tangent bundles this Lie algebra coincides with the Lie algebra of vector fidds.
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1. Introduction

We know that if M isasmooth manifold, then (M), the
set of al smooth vector fields on M (or, the set of all
smooth sections of x(M) forms a Lie algebra. (See for
example[2]). In this paper first we define the concept of
a T-bundle, which is a generalization of tangent bundle.
Then, we define a Lie algebra structure on the set of all
smooth sections of a T-bundle such that in the particul ar
case of tangent bundle, it coincides with the Lie algebra
of vector field. We are able to generalize many of
definitions and theorems about vector fields to the set
of smooth sections of T-bundles.

2. T-bundle
2.1. Definition
Let E and M be smooth manifolds with dimensions n +k

and n respectively, such that kK =b.n for some
bl .N . Also suppose that p:E—M is a smooth map.
By a T-chart on (E,p,M ) we mean an ordered pair

Uy )where U is the domain of a chart(U ,u)in
M andy isafiber respecting diffeomorphism asin
the following diagram,

y

E|U:=p'U) » U’ R

NIZ

where I, is the projection on the first component. Two
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_ D
& 20y 5 )X V) = (XY 4 (X)V)
For some mappingy ,, ‘U,, ® GL(k,R) by
é‘]ab (X) 0 L 0 l;'
e u
Y J,(X) L 0
e ab u 2
XA e ! i @
e u
) 0 0 L J, (x)g

ui

Where J,, (X) = [:1]_? (x)]. The mappingy ., is
ub

called the transition function between the two T-charts.

2.2. Definition

A T-alasA=U,)y,)for(E,p,M)is a st of

pair-wise TM-compatible T-charts (U,_,y ,) such

that(U, ),;, is an open cover of M . Two T-atlases
are called equivalent, if their unionisagain a T-atlas.

2.3.Definition

A T-bundle (E,p,M ) consists of two manifolds E
(the total space) and M (the base) and a smooth
mapping P:E ® M (the projection) together with
an equivalence class of T-atlases.

2.4. Lemma
Let (E,p,M)be a T-bundle Then for any

x1 M there is a unique vector space structure on
fiber E := p *(x ) which isisomorphic with R* .
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Proof: Let U,y ,)and U,y ,)be two T-charts

with x T U, , then we have

Yol E,%®{x} R
X, a(x,h, (x,))
Yol E, %®{x} R
X, a(x,hy (x,)).

3)

Whereh, and h, are two invertible mappings (These

two mappings are exist becausey , andy , are

diffeomorphisms.). Therefore,
forxT U,, andvi R*,wehave
Yat o (xV)=(xh ' (xV) 4)

oy ., (X)v=h(y ;'(X,V)); aso, we have

XG5 (X V) =y, 6 (V) =(xv) ()
And therefore h, (y ;*(X,V)) =V . Therefore,

Yao b ¢ 5 (6 V) =R 6 5 (X V)-. (6)
In other words, Y ,, (X).h, (X)) =h, (X, ) . Weknow

aso that y,, 1 GL(k,R) and thereforeE, has a
unique vector space structure.

2.5. Corallary

Let {e,K,e } be the standard bases for the vector
spaceR", then {y ;'(x,e), Ly ' (x.6)} and
vy . '(x,e), Ly ;' (x,e )} aretwo ordered bases
for E, . Let

X, =a°k1 yiy;l(x,e)=a°k1 zy ;' (x.@) )
that yI,:Tzi | R then -

éy,u éz u

gM 3=yab(X)-gM 3 8)
S 8zt

2.6. Theorem

Any T-bundle admits a vector bundle structure but the
inverseisnot correct.

Proof: The first part of theorem is trivial, for thisit is
sufficient to notice that any T-atlas is a vector bundle

atlas. Therefore, if A isamaximal T-atlason E then
there i‘s a maximal vector bundle atlas A€ such
tha Al AC.

TheLiealgebra of smooth sectionsof a T-bundle

The following example proves the second part of
theorem. Let E =JZ(R,R) be the vector bundle of
jet's of second order from R to Rat 0, that
p:E® R,p(j2f)=f(0) is the natura
projection. Consider the following two compatible
chartsfor R :

u U, =R%® R, tat(0.])
u,:U, :=R%® (0,+¥), tae”
Then, A ={u,,u,}is an atlas for standard structure
of R . Consider the two mappings
Y- p_l(Ul)g/4® U’ R?

jp(x+yt+z’) a(xy.2) (10)
and

Yy, p(U,)%® U, R

JS(x+yt+zt?) a (x, 26y, e”y + 2672) (11)

(9)

It is clear that {U,y ,} and{U,)y ,} are two vector
bundle charts such

thaty , 0y 1_1(X;Yaz) =(xyy 21(x)(y,z)),where

éyu €2 0 uéyl
e e , Ué_( (12)
€20 g€ 2eg ezl

ButJ,,(X) =[2e**] . Therefore, E is avector bundle
but isnot a T-bundle,

2.7. Definition
Let (E,p,M) and (F,q,N) betwo T-bundles. By

a T-bundle homomorphism we mean apair (j ,j ) of a
smooth maps (| :E® F,j :M ® N)such that

] tE® F is fiberwise linear and the following
diagram is commutative:

J
e

E F
P q
L
M—» N

Therefore, for any X T M themapj , :E, ® F

islinear. In this case we say that | covers] .If | is
invertible then we say |  isan isomorophism.T-bundles
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together with their homomorphisms form a
categoryTVB .

3. TheLie Algebra of Smooth Sections of a
T-bundle
3.1. Definition
Let X beapoaintinM . Wedefine

,&TQM =TMALATM (13)

i=1
where for any i =1Kb,T, M is the tangent space at

X , for distinction, the index i is attributed. Also we
define

éTiM: ‘ ,&TM (14)

as a manifold is diffeomorphic to Whitney-sum of b
copiesof TM (see[1]). In other words,

AT {0l
Jipl)=pl;)}

The projection is defined naturally.

(15)
v, TT™M,"i

3.2.Theorem
(A*_T'M ,p,M)isaT-bundle.

Proof: Let (U ,u) beachartonM , it is sufficient to
definethemapy :p 'U)® U "~ R by

8aa—( )Lala —( ) (16)

(x;ay,La)

3.3. Definition
Let(E,p,M)be a T-bundle with T-atlasU,y )i, -

Assume X bein M and (U ,u, ) be a chart such that

xT U, , and U,y ,)be the T-chart corresponding
to it. In this case we define the mapping
j,E,®A_T'M ny

83

Aén. ymn+i$ﬂm+-l+ AI— (17)
i e

! &Y, O
L A : Y b-1n+i . -
R
k
where X, T E and X, =g Yy ;(x.€ ), that we
i=1
assume{e;, KK, e, } is the standard bases for R*, aso
forany f T C¥(M ,R)wedefine
&l 0 &ff o
_Ji+ .:9_i+' (18)
elu, g &fu, g
3.4. Lemma
], (X,) iswel define.

Proof: It is sufficient to show the definition is
independent of charts. Let X | U, and

k k

X, Zaw.xe=a zy,xe) (19)
i=1 i=1

Therefore, we have

(%) =] xga Yy a (xa)_

=8 yG-o ALAG y,,, Sl AL
éflu éfu

i=1 a ﬂ( =1 a ﬂ(
LAS 21, 0
ia:l y(b—l)n+|gﬂu&|l @
3 & BQ]U' O %ﬂl
= 2 g0 %c AL (20)
ia:l §§l Jg tj) ] ﬂ u, g(
5 &y |
LAa a Zm””?ii ﬂmﬂ AL
i=1 Xj=1 Uy o 17
n i %
LAa a Z(b l)n+1? i ; ﬂﬂb
i=1 u, [} u, (%%

By using (3.6), we have
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=8 2, 2 ALAS 2, ot AL
i=1 ﬂub g( i=1 ﬂub @
(0]
A : Zp. n+i T = x \"*x
Ia:l (b-1) gﬂ La( j(X,)

Therefore, | , iswell define.

3.5. Theorem

Lee (E,p,M)be a T-bundle such that for any
xT M, dim(p*(x))=b then the mapping
j tE® AP_T'M withj (x,):=] ,(X,)is an
isomorphism of T-bundles.

Proof: Let (U,u) beachaton M and U,y )be

the correspondence T-chart on E . It isclear that | is

invertible and by using the proof of theorem (3.2) the
following diagram is commutative

J

piu) »p 'U)
y Y+

F
U "R » U~ R

Where] (X,a) =(x,a) that is isomorphism for any
X.

3.6. Corallary
Any two T-bundles on the same base such that their
fibers have the same dimension are isomorphic.

3.7. Definition
Suppose (E, p,M ) beaT-bundle. By a section of the

T-bunde E we mean an smooth map
X:M ® E suchthatpox =1d,, .
We denote the set of all sections of a T-bundle

(E.p,M) byC*(E).

3.8. Definition

Let (E,p,M)be a T-bundiex,hT C*(E)and
f 1 C¥(M,R) then wedefine

(+h), =X+ (DO, = F00%, (22

3.9. Definition
Let X and h bein C*(E)and (U, ,u,)bea chart
onM , in this case we can write in local coordinates

TheLiealgebra of smooth sectionsof a T-bundle

Kk
x|U, =a fy.'(.e) ad

i=1

Kk
hlU. =a gy.'(.e) (23)
i=1
where f,g, T C¥(U,,R) . Then we define
xh:=j G x)j () (24)
and

)i MU, =aaf,

LAS 4 f, JwaOmi Wma gy (25)
mn+j i i
i=1 j=1 lu, Ty,
I—A é é f(b—l)n+j ﬂbg(b_jl)n+i i|
i=1 j=1 lu, Ty,
Therefore, we have
_ %l CI; CI; ﬂgpn-ﬂ -1
xh _a a a fpn+j i Ya ("epn+i)' (26)
p=0 i=1 j=1 Tu,
3.10. Definition

Let X be asection of T-bundle(E, p,M), suppose that
xT M and (U,,u,)isachartof M suchthatx U, .
Also we assume that

f =(f,Kf)I C*U,,R") (27)
wheref T C*(U_,R), in this case we define
x:C¥U,,R")®C*U,,R")by

x()( =0 (L, £,))(X)

=@ 0, ()T ()L,
i=1 Tu,

n (28)
a

i=1

i
Fnp-1+i (X) ﬁ (X))

k
_ 2 -1
Wherex |, =@ 9y . (-€).
i=1
Now we can define the Lie bracket of to sectionsof a T-
bundle.

3.11. Definition
Letx,h T C¥(E), then we define the Lie bracket of
xandh by[x,n]=xh-hx, if we assume that

k k
x|U, =afy.'(.e)adh U, =8 gy i'(-€)

i=1 i=1
then we have
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bo_l On On ﬂg pn+i
[X!h]lua:aaa(fpn+j j
p=0i=1 j=1 fu, (29)
ﬂf n+i -
" Gpn+ ﬂg;l')y al("epn+i)
3.12. Theorem

Suppose that (E,p,M ) isaT-bundlethen C¥ (E)
with Lie bracket and the addition of functions and scal er
product is a Lie algebra. Proof: The product that we
define in definition (3.9) is associative (It is clear from

the definition)so C ¥ (E) is an associative algebra and
also we define the Lie bracket of two sections X and
h by xh - hx , thereforethe C ¥ (E) isaLiealgebra

3.13. Corallary

If (E,p,M) bea T-bundle with standard fiber R*
such that dim(M)=n then the Lie agebra
C ¥ (E) s isomorphic to multiplication of b =k /n
copies of Lie algebrac (M ) (the Lie algebra of all
vector fidldson M ).

85

4. Conclusion
T-bundle which defined in this article is a vector bundle
such that it isanatural generalization of tangent bundle.
Also we defined a Lie algebra structure on the set of
smooth sections of a T-bundle such that in particular
case of tangent bundle it coincides with the Lie algebra
of vector fields.

Refer ences

[1] Esrefilian E. and Nadjafikhah M., " EX -functor, a
new geometric object which is a generalization of the

ordinary tangent object,” Proceeding of The 31¢
Iranian Mathemathics Conference 27-30 August 2000,
pp. 56-67.

[2] Kolar I., Michor PW., and Slovak J.,, "Natural
operations in differential geometry", Springer-Verlag ,
Heldelberg 1993.


https://ijiepr.iust.ac.ir/article-1-120-en.html
http://www.tcpdf.org

