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ABSTRACT

This study develops an integrated batch-scheduling model for sequential flow shops in a production network processing a single
item under a common due date. The model simultaneously determines the number of batches, batch sizes, and a feasible backward
schedule to minimize the Total Actual Flow Time while accounting for stage-specific processing and setup times. An independent
Gurobi procedure evaluates every integer value for the number of batches in the entire computational domain and solves the
corresponding nonconvex model via spatial branch-and-bound with a zero-gap target, subject to solver numerical tolerances. A
heuristic is developed to reduce this computational effort by combining a continuous estimate of the number of batches, KKT-
based batch sizing, backward-schedule reconstruction, and directional neighborhood search. The computational experiment
compares the proposed heuristic with the independently obtained Gurobi reference and a Simulated Annealing benchmark. All
300 benchmark instances are globally resolved by Gurobi over the complete computational domain under the final solver protocol,
and the proposed heuristic matches the reported Gurobi objective and selected number of batches at the adopted reporting
precision. Simulated Annealing provides an additional independent stochastic comparison. Sensitivity analyses examine demand,
processing times, production-network length, and minimum allowable batch size, and a real-data application demonstrates
operational relevance under explicitly stated practical limitations.
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1. Introduction

This study develops an integrated batch-scheduling model for
sequential flow shops in a production network processing a
single item to minimize Total Actual Flow Time (TF%), where
all completed parts must be delivered at a common due date
positioned at the end of the final processing stage in the
production network, from which the schedule is constructed
backward. The model simultaneously determines the number
of batches, batch sizes, and schedules of the resulting batches
at the respective flow shops operated by several companies in
the production network. Each flow shop has its own processing
and setup times, which may differ across flow shops. These
parameters are considered simultaneously because the
schedule generated at one flow shop affects batch availability
and schedule feasibility at downstream flow shops.
Behnamian and Fatemi Ghomi [1,2], Behnamian [3], Lohmer
and Lasch [4], Bagheri Rad and Behnamian [5], Pérez-
Gonzalez and Framifian [6], and Becker et al. [7] investigated
scheduling in production networks through decisions
concerning facility assignment, job allocation and sequencing,
capacity coordination, blocking, inter-company transfer, and
inter-facility schedule control, without treating the number and
sizes of production batches as the primary decisions. Recent
studies have further examined decentralized flow shops with
inter-factory batch delivery, multi-echelon distributed
production networks, and distributed hybrid flow-shop batch
scheduling [8-10]. Hall and Potts [11] linked scheduling,
batching, and delivery decisions within a supply chain. Agnetis
et al. [12] further integrated production scheduling and batch

delivery by considering fixed departure times and inventory
holding costs. Prasetyaningsih et al. [13,14] developed
integrated production- and delivery-batch scheduling under a
Just-in-Time environment, whereas Rahmawati et al. [15]
integrated production and delivery batching for simultaneous
multi-job scheduling in a multi-company environment.
Rahmawati et al. [16] subsequently developed an integrated
formulation linking serial production batching, parallel
production batching, and inter-company delivery. These
studies demonstrate that operations among interconnected
companies are interdependent because the completion of
processing at one company determines material availability
and processing feasibility at the subsequent company.
Differences in processing times, setup times, capacities, batch
structures, and delivery policies may generate synchronization
difficulties, inter-company  waiting, = work-in-process
accumulation, and excessively early completion of finished
products. Consequently, a decision that performs well for one
company may not provide the best performance for the
production network.

Beyond production scheduling, coordination among
production-network members has also been studied through
integrated lot-sizing, inventory, and distribution decisions.
Karimi and Davoudpour [17] integrated production and
delivery scheduling in a multi-factory supply chain while
considering stage-dependent inventory holding costs. Goyal
[18] developed an integrated inventory model between a single
supplier and a single buyer that became one of the foundations
of coordinated lot-sizing decisions through the Joint Economic
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Lot-Sizing approach. Waller et al. [19] examined Vendor-
Managed Inventory as a collaborative arrangement in which
the supplier monitors the buyer’s inventory and determines
replenishment decisions based on shared demand and
inventory information. More recently, Salas-Navarro et al. [20]
developed a Vendor-Managed Inventory model for a three-
layer supply chain involving suppliers, manufacturers, and
retailers. Dantzig and Ramser [21] introduced the Vehicle
Routing Problem to coordinate vehicle-assignment and
delivery-route decisions, whereas Khayya et al. [22] reviewed
its development into numerous formulations and solution
methods for various logistics conditions. These developments,
together with integrated production and delivery-batching
studies [11, 13-16], indicate that lot-sizing, inventory,
production, and distribution decisions should not be
determined independently. However, the network structures
considered are generally centered on supplier—buyer, supplier—
manufacturer—buyer, or production—distribution relationships.
Such structures do not fully represent a multi-company
production network in which batches pass sequentially through
several flow shops and the completion of a batch at one
company determines its availability and processing feasibility
at the subsequent company. Integrated scheduling is therefore
required across all flow shops in the production network rather
than merely coordinating inventory, lot sizes, or distribution
between two network members. In this longer structure, the
completion of a batch at one company determines material
availability, processing start times, and waiting at the
subsequent company.

In terms of scheduling orientation and performance
measurement, Behnamian and Fatemi Ghomi [1,2], Zhang et
al. [23], Pérez-Gonzalez and Framifian [6], Becker et al. [7],
and recent distributed-production studies [8-10] generally
employ completion- or cost-oriented performance measures,
including makespan, total completion time, tardiness, resource
utilization, energy consumption, transportation cost, and
operating cost. Their schedules are commonly constructed
from initial job availability times to job completion. Such
approaches are appropriate when the scheduling objective is to
complete jobs as early as possible, improve resource utilization,
reduce tardiness, or control operating and transfer costs.
However, in a Just-in-Time environment with a common due
date, excessively early completion may prolong the time
products remain in the production system, increase work-in-
process inventory, and create waiting before delivery. A
scheduling approach is therefore required that not only focuses
on early completion but also positions production as close as
possible to the required delivery time while maintaining
schedule feasibility.

Halim and Ohta [24] and Halim et al. [25,26] defined actual
flow time as the time measured from the beginning of
processing of a part until its due date. Under a common due
date, backward scheduling positions each batch as close as
possible to the due date without violating schedule feasibility,
thereby reducing work-in-process inventory and the waiting
time of parts. Halim and Yusriski [27] subsequently developed
an integrated batch-scheduling model for a fabrication—
assembly system. Yusriski et al. [28] determined the integer
number and sizes of batches on a single machine, whereas
Yusriski et al. [29,30] incorporated learning, forgetting, and
deterioration effects. Zahedi et al. [31,32] integrated batch-
production and maintenance scheduling in a two-machine flow

shop under a Just-in-Time environment, whereas Yusriski et al.
[33] integrated batch scheduling and preventive maintenance
on a single machine.

Hidayat et al. [34] developed a batch-scheduling model for
multiple heterogeneous batch processors, whereas Hidayat et
al. [35] considered a single batch processor with additional
setup times for multiple items. Halim et al. [36] developed a
flow-shop model with multiple batch-processing machines.
Suryadhini et al. [37,38] developed three-stage flow-shop
models involving job processors, batch processors, sampling
inspection, and heterogeneous machines. Maulidya et al.
[39,40] developed hybrid flow-shop models involving
assembly structures, unique and common components, and
multiple due dates. Yusriski et al. [41] considered multiple jobs
and multiple due dates; Yusriski et al. [42] investigated a two-
machine flow shop, and Kurniawan et al. [43] incorporated
preprocessing and time-changing effects. Sibarani et al. [44,45]
developed models for multi-item flow shops, whereas Yusriski
et al. [46] addressed unrelated parallel machines with resource
constraints and sequence-dependent setup times, and Yusriski
et al. [47] developed a heuristic for a flexible flow shop. These
studies demonstrate that TF® and backward scheduling have
been developed for various machine and shop-floor
configurations. However, the available formulations remain
primarily focused on a single shop floor or a single production-
system configuration and therefore do not represent batch
flows through several flow shops arranged sequentially within
a production network [48-52].

Research on production networks and batch scheduling reveals
a specific gap. Production-network studies represent
operational interdependencies, capacity  coordination,
production and delivery batching, inventory, and inter-
company transfers, but generally use completion-oriented
scheduling and performance measures such as makespan,
completion time, tardiness, and cost. In contrast, batch-
scheduling studies that minimize TF® provide methods for
determining the number of batches, batch sizes, and backward
schedules, but are still predominantly applied to a single shop
floor or a single production-system configuration. Limited
attention has therefore been given to an integrated model that
determines the number of batches, continuous batch sizes, and
batch schedules for several sequential flow shops in a
production network, while simultaneously considering the
different processing and setup times of all stages and applying
backward scheduling to minimize TF® under a common due
date.

To address this gap, the present study develops an integrated
batch-scheduling model for sequential flow shops in a
production network. The model simultaneously determines the
number of batches, continuous batch sizes, and a feasible
backward schedule that minimizes Total Actual Flow Time
under a common due date positioned at the end of the final
processing stage. The actual setup times, processing times,
demand, common due date, and minimum allowable batch size
are used to establish the complete computational range for the
number of batches. An equal-sized reference partition is
introduced only to obtain an analytical characterization that
guides the heuristic search; it is not imposed on the final
continuous batch-size decisions. For the independent solver-
based reference, every integer value for the number of batches
in the complete computational domain is evaluated using
spatial branch-and-bound through Gurobi Optimizer under a
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zero-gap target, subject to solver numerical tolerances. The
proposed heuristic reduces this computational effort by
combining a continuous estimate of the number of batches,
Karush-Kuhn-Tucker conditions for batch sizing, backward-
schedule reconstruction, and a directional neighborhood search
over adjacent integer values for the number of batches.

2. Mathematical Model

This section presents the problem description and assumptions,
notation, TF% formulation, determination of the maximum
number of batches, and the mathematical formulation of the
proposed model. The development first establishes the
relationship among the number of batches, batch sizes,
processing times, setup times, and the available horizon up to
the common due date. A common upper bound on the number
of batches is then derived from the minimum batch-size
requirement and the scheduling-horizon condition of each
processing stage within the sequential flow-shop network. The
resulting bound defines the computational search range used
by both the Gurobi-based and heuristic solution procedures.

2.1. Problem Description and Assumptions

A production network dealt with in this study consists of
multiple interconnected flow shops. Each flow shop consists of
one or more shop floors arranged according to the required
processing sequence. Each shop floor performs one processing
activity and is represented as one processing stage in the
mathematical model. Therefore, the terms shop floor and
processing stage refer to the same indexed processing unit k.
Let ¢ denote the company index and let c(k) denote the
company operating processing Stage k. Multiple consecutive
processing stages may therefore be operated by the same
company. The total demand n is divided into N batches, where
Q; denotes the continuous size of Batch i. The output of Stage
k becomes the input to Stage k + 1. Each of the n units of a
single item must pass through all processing stages and be
completed at a common due date d positioned at the end of the
final processing stage in the production network, from which
the schedule is constructed backward. Under backward
indexing, at the shop floor k, Batch 1 denotes the first-
positioned batch, whereas Batch N denotes the batch
processed earliest in forward time. The actual processing time
(t,) and setup time (s,) of every stage are considered
simultaneously in determining the number of batches, batch
sizes, and the resulting backward schedule.

The schedule is constructed backward from the common due
date. Processing is non-preemptive: once processing of a batch
begins on the shop floor, it continues without interruption until
completion of all parts in the batch. Batch splitting, batch
merging, batch overtaking, and lot streaming are not permitted.
Setup is anticipatory, meaning that setup for a batch may be
completed before the corresponding batch arrives, provided
that the immediately preceding batch has completed
processing. The setup for the first batch processed is assumed
to have been completed before the scheduling horizon.
Transportation time between successive shop floors is assumed
negligible, and enough temporary storage is available between
shop floors.

For a specified number of batches N and Q;,i = (Q4, ..., Qn),
the processing starts, and completion times are generated
deterministically through the backward-scheduling recursion.

The objective is to determine a common number of batches N,
a common (; maintained across all stages, and the
corresponding backward schedule that minimizes TF¢, while
satisfying demand balance, minimum batch-size requirements,
inter-stage precedence, same-shop-floor sequencing, and
schedule-feasibility constraints.

2.2. Notation

The notation used throughout the proposed model is
summarized in Table 1. The symbols are grouped into indices,
parameters, decision variables, schedule and waiting quantities,
analytical quantities, and the objective function. The notation
Ny, and Q;  is introduced only as a generalized representation
used to establish Proposition 1; the proposed model
subsequently uses N and Q; across all stages.

Tab. 1. Notation used in the proposed model

Symbol Definition
Index
k Shop-floor (processing-stage) index, k = 1, ..., K
i Batch index under backward scheduling
c Company Index, c(k): company operating Shop Floor k
Parameter
K Total number of shop floors (processing stages) in the
production network
n Total demand
d Common due date
ty Unit processing time at Shop Floor k
Sk Sequence-independent setup time at Shop Floor k
€ Minimum allowable batch size
Generalized batch representation
Ny Number of batches represented at Shop Floor k in the
generalized production-network structure
Qix Continuous size of Batch i represented at Shop Floor k, i =
1,..,N,
Decision variable
N The number of batches; a positive integer
Q; Continuous size of Batch i, Q; > ¢,i=1,...,N
Schedule and derived quantity
By Processing start time of Batch i at Shop Floor k
Ci Processing completion time of Batch i at Shop Floor k
F# Actual flow time of Batch i, measured from B, ; to the
common due date
Wi Physical waiting time of Batch i between Shop Floors k
andk +1
Wy Total batch-size-weighted waiting at the boundary between
Shop Floors k and k + 1
TWW Total batch-size-weighted waiting between successive shop
floors
PTF, Processing-time contribution of Shop Floor k to Total
Actual Flow Time
FGW Batch-size-weighted finished-goods waiting after the final
shop floor until the common due date
RBW Re-batching Waiting caused by batch splitting, merging, or
re-partitioning; RBW = 0 under the proposed production
structure
Reference quantity
P Total unit processing time across the production network,
1P = Zﬁ:l ty
Se Reference setup time, selected as the largest setup time
among all shop floors
t. Reference processing time associated with the shop floor
having s,
Analytical quantity for the number of batches
H(N) Equal-batch horizon under shop-floor parameters
H,(N) Equal-batch horizon associated with Shop Floor k
a,b,c Coefticients of the quadratic feasibility condition
ay, by, ¢ Coefficients of the shop-floor-specific quadratic feasibility
condition
D Discriminants of shop-floor-specific quadratic equations
Dy, Discriminant of the quadratic feasibility condition

associated with Shop Floor k


https://ijiepr.iust.ac.ir/article-1-2800-en.html

[ Downloaded from ijiepr.iust.ac.ir on 2026-09-12 ]

Symbol Definition
NE NU Continuous lower and upper roots for the reference
structure
NLB,NVE  Computational integer lower and upper bounds for the
complete search domain
NE NY Continuous lower and upper roots associated with Shop
Floor k
NE, NE..  Reference integer lower and upper bounds for the
identical-stage reference case
NA.  NA..  Analytical integer lower and upper bounds obtained from

the intersection of the shop-floor-specific intervals
Objective function
TF%(N,Q)  Total Actual Flow Time minimized by the proposed model

2.3. Total Actual Flow Time
Following the actual-flow-time concept introduced by Halim
and Ohta [24], the actual flow time of a part is measured from
the beginning of its processing until its common due date. In a
general production-network structure, TF* may consist of the
processing-time contribution, waiting caused by changes in
batch formation between successive shop floors, waiting
between successive shop floors after a batch has become
available, and finished-goods waiting until the common due
date. Accordingly, its general decomposition is expressed as

TF* = PTF + RBW + TWW + FGW. (1)
where PTF denotes the batch-size-weighted processing-time
contribution across all shop floors, RBW denotes Re-batching
Waiting caused by batch splitting, merging, or re-partitioning
between successive shop floors, TWW denotes the total batch-
size-weighted waiting between successive shop floors, and
FGW denotes the batch-size-weighted finished-goods waiting
after processing at the final shop floor until the common due
date.
Proposition 1. Under the production structure considered in
this study, batch splitting, merging, re-partitioning, and lot
streaming are not permitted. Each batch is transferred intact
from one shop floor to the next while retaining its identity and
size. Consequently, a one-to-one batch correspondence is
maintained throughout the production network, such that

N, =N, k=1,..K, 2)

and
Qix = Q;, i=1,..,N, k=1,..,K. 3)
Because no change in batch formation occurs between
successive shop floors,
RBW = 0. 4)
The result follows from material conservation and intact batch
transfer. Every batch completed at Shop Floor k corresponds
to exactly one batch entering Shop Floor k 4+ 1, and the
corresponding batch contains the same units and retains the
same size. Applying this relationship successively across all
shop-floor boundaries produces Equations (2) and (3). Because
no unit waits for splitting, merging, or re-partitioning into a
different batch, Re-batching Waiting is zero. The complete
proof of Proposition 1 is provided in Appendix A.
Proposition 1 describes the production structure considered in
this study. It does not constitute an optimality claim for a
broader production-network problem in which re-batching is
permitted.
Based on Proposition 1, the general decomposition in Equation
(1) reduces to
TF* = PTF + TWW + FGW. 5)
Therefore, one common number of batches N and common
batch sizes Q;are used throughout the production network.

In the production network considered in this study, the actual
flow time of Batch i is measured from the beginning of its
processing at Shop Floor 1 until the common due date:

F=d - B, (6)
Because Batch i contains Q; units, its contribution to TF¢ is
TF® = (d — B1)Q:. (7)
The TF?® of all batches is therefore
N
TFA(N, Q) = ) (d - By,) Qs ®)

i=1
This measure represents the cumulative actual flow time of all

units from the beginning of processing at the first shop floor
until delivery at the common due date. The processing-time
contribution of Shop Floor k is

N
PTF, =t ) QF. ©)
i=1

The physical waiting time of Batch i between Shop Floors k
and k + 11is

Wii = Bii1i — Cris k=1 ..,K-1 (10)
The total batch-size-weighted waiting at the boundary k is
N
W= w0 (1
i=1

The total batch-size-weighted waiting between successive
shop floors is

K-1
TWW = Z w,. (12)
k=1

Finished goods waiting represents the time during which
completed units wait after processing at the final shop floor
until the common due date:

N
FGW = )" (d - Cy:) Qr (13)
i=1
Accordingly, TF® can be decomposed as
K

TF® = PTF,+TWW + FGW. (14)
k=1

Equation (14) is equivalent to the direct expression in Equation
(8). When the schedules of all shop floors are completely
synchronized, waiting between successive shop floors is zero.
When differences in processing and setup parameters prevent
complete synchronization, positive waiting may arise. Such
waiting remains a component of TF® and is not treated as a
separate allocation objective in the present model.

2.4. Mathematical Formulation

Based on Proposition 1, one common number of batches N and
common batch sizes Q; are maintained throughout the
production network. Because RBW = 0, the mathematical
model minimizes TF® using the processing-time, inter-shop-
floor waiting, and finished-goods waiting components
established in Section 2.3. The mathematical model is

formulated as follows:
K

min TF*(N,Q) = Y PTF, + TWW + FGW (15)

k=1
subject to:

N
Ya=n (16)
i=1
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Q;=¢, i=1,..,N, 17
Ne{123..} (18)
N!B < N < NUB, (19)
Cx, =4, (20)
BK,1 = CK,I — tgQy, (21
CK,i = BK,i—I — Sk, i=2,..,N, (22)
Bxi = Cx; — txQ;, i=2,..N, (23)
Ck1 = Bry11s k=1,..,K—-1, (24)
Bi1 = Ci1 — 04, k=1,..,K—1, (25)
Cri = min{Bjy1 Biio1 — Sk} (26)
k=1,..,.K-1, i=2,..,N,

B = Cri — Qs

k=1,..,.K-1, i=2,..,N, 27)
By =0, k=1,..,K, i=1,..,N. (28)

Equation (15) minimizes TF%, using the processing-time,
inter-shop-floor  waiting, and finished-goods waiting
components established in Section 2.3. Re-batching Waiting
does not appear in the model-specific objective because
Proposition 1 establishes that RBW = 0 under the production
structure considered in this study.

Equation (16) ensures that the sum of all batch sizes equals the
total demand. Equation (17) requires every batch to satisfy the
minimum allowable batch size. Equation (18) specifies N, is a
positive integer, whereas Equation (19) restricts N to the
established computational domain. The upper computational
bound used in Equation (19) is derived from necessary
feasibility conditions associated with the minimum allowable
batch size and the available scheduling horizon, as presented
in Section 2.5.1.

Equations (20)—(23) construct the backward schedule at the
final shop floor. Equation (20) positions Batch 1 such that its
completion coincides with the common due date. Equation (21)
determines the corresponding processing start time. Equations
(22) and (23) then position the remaining batches successively
before Batch 1 by considering the setup and processing times
at the final shop floor.

Equations (24)—(27) reconstruct the backward schedules at the
preceding shop floors. Equations (24) and (25) determine the
completion and processing start times of Batch 1, respectively.
Equation (26) determines the completion time of each
subsequent batch by comparing downstream precedence and
same-shop-floor sequencing and selecting the earlier feasible
completion time. Equation (27) determines the corresponding
processing start time.

Equation (28) requires all processing start times to be
nonnegative. Together with the same-shop-floor sequencing
and inter-shop-floor precedence relationships, this condition
ensures that the reconstructed backward schedule can be
accommodated within the available scheduling horizon.
Because N determines the number of batch-size and
scheduling variables, only a finite and valid range of integer
values needs to be considered when solving the model. The
following section therefore characterizes the search domain for
N. Tt first derives the computational domain from necessary
feasibility conditions and subsequently introduces an equal-
sized reference partition to obtain an analytical
characterization that is used to guide the heuristic search.

2.5. Solution-Search Framework

Because the number of batches N determines the dimensions
of the batch-size and scheduling variables, a finite integer
search domain is first established from necessary feasibility
conditions. Within this domain, an equal-sized reference
partition is used to derive analytical bounds that guide the
heuristic search. These analytical bounds are not imposed on
the final unequal continuous batch-size solution.

2.5.1. Computational Domain for N

The mathematical formulation requires N to be a positive
integer. However, demand balance, the minimum allowable
batch size, and the available scheduling horizon impose
necessary restrictions on the values of N that can produce a
feasible solution. These restrictions are used to establish the
computational domain evaluated by the solution procedures.
The lower computational bound is N;5 = 1. Because each
batch must satisfy Q; = € and the demand-balance constraint
requires ), Q; = n, the number of batches must satisfy Ne <
n. Accordingly, the upper bound imposed by the minimum
allowable batch size is N, = [n/¢].

A further restriction is obtained from the available scheduling
horizon at each Shop Floor k. Define the cumulative unit
processing times upstream and downstream of Shop Floor k,
respectively, as

k-1
W=t (29)
r=1
and
K
=Yt (30)
r=k+1

where T/ = 0 and TP = 0.
For a schedule containing N batches, all n units must be
processed at the Shop Floor k, requiring a total processing time
of tyn . In addition, N —1 setup activities must be
accommodated within the scheduling horizon because the
setup for the first processed batch is assumed to have been
completed before the scheduling horizon. The batches
positioned at the two ends of the backward schedule must also
accommodate the processing requirements associated with the
upstream and downstream shop floors. Therefore, a necessary
condition for schedule feasibility at Shop Floor k is
ONTY +tin+ (N — 1)s, + QTP < d (1)
Because the minimum allowable batch-size requirement gives
Q; = £ and Qy = &, a necessary condition that is independent
of the unknown batch-size distribution is
tin+ (N —1)s, + (T +TP) < d (32)
For s, > 0, rearranging Equation (32) with respect to N gives
U D
NS1+d tyn—e(Ty +Ty) (33)
Sk
Accordingly, the shop-floor-specific computational upper
bound is

U D
= 1+d tyn —e(Ty +T) (34)
Sk
When s;, = 0, the corresponding shop floor does not generate
a finite upper bound through the setup term. In this case, the
necessary scheduling-horizon condition reduces to

ten + (T + TP) < d (35)
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If Equation (35) is violated, the instance has no feasible
schedule. Otherwise, the corresponding shop floor does not
further restrict the number of batches.

Considering both the minimum batch-size restriction and the
scheduling-horizon conditions of all shop floors, the common
computational upper bound is

Nyp = min {NE, min N;} (36)
k:sp>0
Hence, the computational domain for N is
1< N <Ny (37)

The computational upper bound Ny is a necessary feasibility
bound. Any integer value N > Ny violates at least one of the
minimum-batch-size or scheduling-horizon conditions and
therefore cannot produce a feasible solution. Conversely, N <
Nyp does not by itself guarantee feasibility because the
corresponding Q; and complete backward schedule must still
satisfy all constraints of the mathematical model.

The computational domain in Equation (37) is the complete
outer search domain used by both solution approaches. The
Gurobi-based procedure evaluates the integer values of N
within this domain, whereas the heuristic uses additional
analytical information to identify a more focused initial search
region.

2.5.2. Equal-Sized Reference Partition

Although the computational domain provides a finite range for
N, evaluating every integer value within this domain may
require substantial computational effort, particularly as Nyg
increases. An analytical characterization is therefore developed
to provide additional guidance for the heuristic search.

In the complete mathematical model, the batch sizes
Q1,Q,, ...,Qy are continuous decision variables and are
allowed to differ. If these batch sizes are retained as
independent variables when analytically characterizing the
number of batches, the scheduling-horizon relationships
depend simultaneously on N and all Q;. Moreover, the number
of batch-size variables Q; changes with N . Consequently,
obtaining a general closed-form expression solely in terms of
N becomes difficult.

To obtain a tractable analytical representation, an equal-sized
reference partition is introduced for a specified positive value
of N:

n

Qi=qN=N, i=1,..,N. (38)
This equal-sized partition is used only as an analytical
reference. It converts the batch-size terms in the scheduling-
horizon relationships into functions of N, thereby allowing the
number-of-batches range to be characterized analytically.
Equation (38) does not impose equal batch sizes on the final
optimization model. Once a value of N is evaluated by the
solution procedure, the equal-size reference condition is
released, and the batch sizes are reoptimized as continuous
decision variables subject to the complete mathematical
formulation.

2.5.3. Analytical Bounds for the Number of Batches
Because every unit passes successively through all K shop
floors, the total unit processing time across the production
network is defined as

K
k=1

The parameter P represents the cumulative unit processing-
time contribution of all shop floors. Based on Equation (9), the
total processing-time contribution to Total Actual Flow Time
can therefore be expressed as

K K N N
DPTR=)6) @=P) Q7. (40)
k=1 k=1 =1 i=1

Thus, P follows directly from the additive processing-time
contribution of the production network and is not obtained by
averaging the unit processing times or by selecting the
processing time of only one shop floor.
To illustrate the analytical structure, first consider a reference
condition in which all shop floors have the same unit
processing time and setup time:

ty =t Sk =S, k=1,.. K. (41)
Under this reference condition, Equation (39) becomes

P = Kt. (42)

For a specified N, substituting the equal-sized reference
partition in Equation (38) gives the required scheduling
horizon

(K —Dtn
H(N)=tn+ (N —1)s +T'

The equal-sized reference schedule satisfies the available
horizon when

(43)

H(N) < d. (44)
Because N >0, multiplying Equation (44) by N and
collecting the terms gives
sN2+({tn—s—d)N+ (K—1tn<0. (45)
Define
a=s, b=tn—s—d,
For s > 0, the discriminant is
D=b%—4ac=(d+s—tn)?—4s(K — Dtn.  (47)
When D = 0, the continuous lower and upper roots are
d+s—tn—+D d+s—tn+\/5(48)
- 2s ’ - s '
Because the coefficient of N? is positive for s > 0, the
quadratic function is convex, and the horizon condition in
Equation (45) is satisfied between the two roots. The
corresponding integer lower bound is

c=(K-—-Dtn. (46)

NE NU

Npin = max{1, [N*]}, (49)
and the corresponding integer upper bound is
Nfox = min {INV],| 2]} (50)
max ) €
The reference interval is nonempty when
aniin = Nrflax- (51)

If s = 0, the corresponding horizon condition becomes linear
and is solved directly. The preceding reference case illustrates
the opposing effects associated with increasing the number of
batches. Increasing N decreases the equal-sized reference
batch n/N, thereby reducing the processing time required for
one batch to pass through the remaining shop floors. At the
same time, increasing N increases the number of setup
activities that must be accommodated within the available
scheduling horizon. These opposing effects generate the
quadratic relationship with respect to N.

The derivation is then extended to the general production-
network structure by retaining the actual unit processing time
ty and setup time s;, of every Shop Floor k. For Shop Floor k,
the equal-sized reference horizon is

(P —tin

N (52)

Hk(N) = tkn + (N - 1)Sk +
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The first term represents the time required by Shop Floor k to
process the complete demand. The second term represents the
N — 1 setup activities occurring within the scheduling horizon
at Shop Floor k. The third term represents the processing time
of one equal-sized reference batch across the remaining shop
floors.
The shop-floor-specific horizon condition is
H,(N) <d. (53)
Because N >0, multiplying Equation (53) by N and
collecting the terms gives
skN? + (tgn — s, —d)N + (P — t,)n < 0. (54)
Define the shop-floor-specific coefficients as
ay = Sk, b, =tyn—s, —d,
¢ = (P —t)n.
For s;, > 0, the discriminant is
D, = bZ — 4ayc,
= (d + s, — tgn)® — 4s, (P (56)
— tn.
A positive discriminant produces two real roots, a zero
discriminant produces one repeated root, and a negative
discriminant indicates that the equal-sized quadratic horizon
condition has no real interval for Shop Floor k.
When D, = 0, the continuous lower root is

(55)

d+ s, —tgn—4D
NE = k__k . (57)
25
and the continuous upper root is
U d+Sk—tkn+,le 58
Nk = . ( )
25

The common analytical integer lower bound is obtained from
the largest shop-floor-specific lower root:

A _ L
Npin = max{l, [kr:r}?.)fKNkl}. (59)
The analytical integer upper bound is obtained from the

smallest shop-floor-specific upper root together with the
minimum-batch-size restriction:
A s ; ul |P
Nf.x = min {lkir%}“r}KNk J , ng} (60)
The analytical integer bounds NA;, and NA,, derived under
the equal-Q; reference in Equation (38), define a nonempty
interval when
Nrgin < Nrgax- (61)
If s, =0, the corresponding shop-floor-specific horizon
condition becomes linear and is solved directly.
The quadratic form in Equation (54) results from the two
opposing consequences of increasing N . The equal-sized
reference batch decreases as n/N , thereby reducing the
processing time required for one batch to pass through the
remaining shop floors. At the same time, the number of setup
activities increases as N — 1. After the positive denominator N
is eliminated, these opposing effects produce a convex
quadratic condition for each shop floor with s, > 0.
When all processing stages have identical processing and setup
parameters, the stage-specific horizon conditions coincide. In
the general production-network case, the intersection of the
stage-specific conditions defines the common analytical
integer bounds N/, and NZ,, for N under the equal- Q;
reference in Equation (38). When processing and/or setup
parameters differ among stages, each stage generates its own
quadratic horizon condition, and their intersection determines
these analytical bounds for the production network.

Therefore, when N4, < N&,., the analytical interval is
nonempty and identifies integer values of N for which the
equal-Q; reference satisfies the scheduling-horizon condition
at every processing stage. These analytical bounds must be
distinguished from the complete computational domain in
Equation (37). The computational domain is derived from
necessary feasibility conditions and defines the outer range
considered by the solution procedures, whereas N; and NA,,
are derived only from the equal-Q; reference and are used to
guide the heuristic search. Feasible unequal-Q; solutions may
therefore exist outside the analytical interval provided that they
remain within the computational domain and satisfy the
complete mathematical formulation.

Based on this framework, the Gurobi-based procedure
evaluates every integer value of N in the complete
computational domain without using NA;, or NA,. to exclude
candidates. The proposed heuristic uses these analytical
bounds only to position its initial search and subsequently
determines the actual continuous Q; values without imposing
the equal-Q; reference in Equation (38). The Gurobi-based and
heuristic solution procedures are presented in Sections 3 and 4,
respectively. Further analytical derivations supporting the
number-of-batches characterization are provided in Appendix

3. Solution Procedure Using Spatial BnB

The mathematical model in Section 2 is solved using spatial
branch-and-bound implemented in Gurobi Optimizer. Because
the number of batches N changes the dimensions of the model,
a separate nonconvex optimization model is solved for each
integer value of N within the computational domain
established in Section 2.5. For each N, Gurobi determines Q;,
By i, and Cy,; while minimizing Total Actual Flow Time, TF¢.
This section presents the spatial BnB characteristics, Gurobi
implementation and computational protocol, enumeration
procedure for N, numerical illustration, and computational
evaluation.

3.1. Characteristics of the Spatial BnB Procedure

For a given number of batches N, the model contains
continuous batch-size and scheduling variables. Products
between batch sizes and scheduling variables generate
quadratic and bilinear relationships; consequently, the
optimization problem for each N is a nonconvex quadratic
optimization problem.

Spatial branch-and-bound addresses this nonconvex structure
by constructing globally valid relaxations over bounded
variable domains. The relaxations provide lower bounds on the
objective value, whereas feasible incumbent solutions provide
upper bounds for the minimization problem. A node is
eliminated when its relaxation is infeasible or cannot improve
the incumbent within the prescribed tolerance. Otherwise,
selected variable domains are partitioned and tighter
relaxations are generated. The procedure continues until the
prescribed optimality criterion is satisfied or another
termination condition is reached [53,54].

3.2. Implementation Using Gurobi
Computational Protocol

The mathematical model was implemented in Python through
the Gurobi Python interface and executed in Jupyter Notebook.

Optimizer and
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Gurobi Optimizer 13.0.1 was run on a 64-bit Windows 10
computer equipped with a 12th Gen Intel Core i7-12700H
processor, 14 physical cores, 20 logical processors, and 32 GB
of RAM. The implementation used 20 solver threads and
Seed = 0 to support reproducibility.

The final solver protocol used NonConvex = 2, MIPGap =
0 , MIPGapAbs = 0 , FeasibilityTol = 107°
OptimalityTol = 107°, NumericFocus = 3, Threads =
20, and Seed = 0, with no user-imposed finite time limit.
For a minimization problem, Gurobi maintains a feasible
incumbent as an upper bound and a globally valid best bound
as a lower bound while spatial branch-and-bound proceeds.
Because the computation is performed in floating-point
arithmetic, the zero-gap target is interpreted subject to Gurobi's
numerical tolerances [55].

If the model corresponding to a candidate number of batches
initially returned INF_OR _UNBD, the same mathematical
model was re-solved after setting DualReductions = 0.
This retry changes the presolve strategy used to distinguish
infeasibility from unboundedness but does not change the
mathematical formulation. The final status, objective value,
global bound, runtime, node information, Q;, and feasibility-
audit results were recorded for every evaluated integer number
of batches.

A benchmark instance is classified as globally resolved over
the complete computational domain only when every integer
value for the number of batches in that domain has been
attempted, and the model corresponding to every candidate
ends with either OPTIMAL or INFEASIBLE status. Any
unresolved candidate prevents a complete-domain global-
resolution claim for that instance. Objective values and Q;
shown in reporting tables are rounded for presentation,
whereas solver-side feasibility and numerical validation use
the available full-precision computational outputs.

3.3. Enumeration Procedure for the Number of Batches
Because N changes the dimensions of the mathematical model,
a separate nonconvex optimization model is solved for each
integer value within the computational domain:
N=12,..,Nyg (62)

For each value of N, Gurobi determines Q;, By ;, and Cy; while
minimizing TF? subject to the mathematical formulation in
Section 2.4. The computational protocol defined in Section 3.2
is applied to the complete enumeration. After all retained
values of N have been evaluated, the solution with the smallest
objective value is selected:

N¢ = argminyTF2 (63)
The complete procedure is summarized in Algorithm 1.

Step 2. Evaluate a candidate N. For the current N, perform
Steps 2.1-2.3.

Step 2.1. Construct the model. Minimize TF® using
Eq. (15) subject to Egs. (16)—(28). For the
computational formulation, enforce Eq. (16)
by expressing the last batch size as Qy =
n — Y N1 Q;. Continue to Step 2.2.

Step 2.2. Solve the model. Solve the current model
using Gurobi spatial branch-and-bound. If
the returned status is INF_ OR_UNBD, set
DualReductions = 0 and solve the same
model again. Continue to Step 2.3.

Step 2.3. Validate and retain the result. If the final
status is OPTIMAL, verify Q;, By ;, C,;, and
TF® using Egs. (15)—(17) and (20)—(28), and
retain the result. If the final status is
INFEASIBLE, retain the status. Otherwise
retain the final solver status for complete-
domain verification. Return the result for the
current N.

Step 3. Continue the enumeration. If N < NUB | set N «
N + 1 and return to Step 2. Otherwise continue to
Step 4.

Step 4. Verify complete-domain resolution. If every N =
1,..,NY? ends with OPTIMAL or INFEASIBLE
status, continue to Step 5. Otherwise classify the
instance as unresolved for complete-domain global
verification and end.

Step 5. Select the global reference. Among all OPTIMAL
results, select the solution with the smallest TF%
using Eq. (63). Report N*, Qf, Bg;, Cx;, and TF®*.
End.

Algorithm 1. Gurobi-Based Solution Procedure

Step 0. Initialize. Read K, n, d, €, t;,and s, k = 1, ..., K. Set
the Gurobi parameters: NonConvex =2, MIPGap =0,
MIPGapAbs = 0, FeasibilityTol = 107° ,
OptimalityTol = 10~%, NumericFocus = 3, Threads =
20, Seed = 0, and no finite time limit. Continue to Step
1.

Step 1. Determine the search domain. Determine 1 < N <
NYB using Eqgs. (29)—(37). If NYB < 1, classify the
instance as infeasible and terminate. Set N = 1 and
continue to Step 2.

Algorithm 1 performs complete enumeration over the
computational domain of N. The analytical estimate, KKT
procedure, and directional neighborhood search used by the
proposed heuristic are not employed in this procedure.

3.4. Numerical Illustration

The numerical illustration uses the same instance presented in
the mathematical-model development. The production
network consists of three sequential processing stages
distributed across two companies. Stages 1 and 2 are operated
by Company 1, whereas Stage 3 is operated by Company 2.
The production-network configuration is shown in Fig. 1.

The computational-domain procedure in Section 2.5.1 gives
seven admissible integer values for the number of batches.
Therefore, seven independent nonconvex models are solved,
one for each candidate number of batches. All seven candidate
models are resolved under the zero-gap target, and the resulting
objective values and terminal solver statuses are presented in
Table 2.

«d =100

Fig. 1. Production network configuration for the numerical
illustration.
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Tab. 2. Gurobi results for each candidate number of
batches in the numerical example

N Minimum TF® Solver status
1 486.00 OPTIMAL
2 355.95 OPTIMAL
3 343.80 OPTIMAL
4 343.83 OPTIMAL
5 343.98 OPTIMAL
6 344.25 OPTIMAL
7 390.39 OPTIMAL

Among the seven solver-verified solutions, the minimum Total
Actual Flow Time is obtained at N¢ = 3, with TF¢ = 343.80
and QF = (3.00,4.20,1.80). The selected solution satisfies
demand balance, the minimum batch-size requirement,
nonnegative  processing start times, same-shop-floor
sequencing, inter-shop-floor precedence, and completion of
Batch 1 at the common due date.

For the selected solution, the processing start times at Shop
Floor 1 are 82.00, 56.20, and 41.20. The direct and
decomposed calculations of TF® produce the same value,
confirming  consistency between the mathematical
formulation, backward-scheduling recursion, and objective
decomposition.

3.5. Computational Evaluation of the Solver-Based
Procedure

The solver-based procedure was applied to 300 computational
instances covering small, medium, and large problem
categories. The instance set includes conditions in which
processing and setup parameters are identical across shop
floors and conditions in which one or both parameter types
differ. The complete dataset and parameter combinations are
provided in Appendix C.

Under the final zero-gap protocol, all 300 benchmark instances
were globally resolved over the complete computational
domain, subject to solver numerical tolerances. For every
instance, each integer value for the number of batches within
the established computational domain was attempted, and the
model corresponding to every candidate terminated with either
OPTIMAL or INFEASIBLE status. The minimum audited
objective among the OPTIMAL candidate models therefore
defines the complete-domain Gurobi global reference for that
instance.

Appendix D reports the grouped instance information, selected
values for the number of batches, Q;, TF¢, pairwise solution
comparisons, and per-instance computational records for the
three methods.

The main computational burden remains the need to solve a
separate nonconvex spatial branch-and-bound model for every
integer value for the number of batches in the computational
domain. As the domain expands and the number of batch-size
and scheduling variables increases, the complete global-
reference procedure may require substantial computational
effort.

4. Development of the Heuristic Method

The proposed heuristic is developed to reduce the
computational effort required by complete enumeration of N
with spatial branch-and-bound for every candidate. The
method determines the number of batches, continuous batch
sizes, and the corresponding backward schedule by combining
an initial continuous estimate of the number of batches, KKT-

based Q; determination, backward-schedule reconstruction,
and a directional neighborhood search.

4.1. Overall Solution Framework

The heuristic first determines the computational and analytical
bounds established in Section 2.5 and obtains the continuous
search center. Neighboring integer values for the number of
batches are then evaluated. For each evaluated N, the equal-
sized partition is used only for initialization; @Q; are
subsequently determined with the KK T procedure, followed by
backward-schedule reconstruction and complete feasibility
validation. Adjacent values of N are evaluated according to the
directional search rule until its stopping condition is reached.

4.2. Continuous Estimate and Initial Candidate Generation
The total unit processing time P is defined in Equation (39). To
obtain a reference setup-processing pair for the continuous
estimate, the reference setup time is selected as the largest
setup time among all shop floors:

s¢ = nax s (64)

associated reference processing time is selected as
t® = max{ty | s, = s}. (65)

The quantities P, s€, and t€ are used only to position the initial
search. They do not replace the actual t, and s, in the
mathematical model, backward-scheduling equations, or
feasibility checks. The analytical bounds N/, and N4, are
used to keep the initial search center within the region
satisfying the scheduling-horizon conditions under the equal-
Q; reference, while the subsequent directional search may still
evaluate values outside these bounds within the computational
domain. For s> 0, define the preliminary continuous
estimate of the number of batches N° as

2P —t)n
s¢ '
If s¢ =0, N%is set to 1. When N/, < NA,,, the preliminary
estimate N° is projected onto the analytical bounds to obtain
the continuous search center N€¢:
N°¢ = min{NA,,, max(N4;,, N9} (67)
When N2, > NA,., the analytical bounds are empty and N°

is projected onto the complete computational domain to obtain
N€:

N° = (66)

N¢ = min{Nyz, max(N, 5, N)}. (68)
Equations (66)-(68) provide a continuous search center rather
than a closed-form optimum of the complete unequal-batch
model. The initial integer candidates are
Nl = lNCJ! N2 = I—NC];
Nip < Ny, N < Nys. (69)
Duplicate candidates are removed. When N; = N,, the center
and its available neighboring integers are evaluated to
determine the improving direction. The analytical estimate
therefore initializes the search but does not exclude feasible
unequal-batch solutions elsewhere within the computational
domain.

4.3. Batch-Size Determination Using KKT
For an evaluated value of N, the backward-scheduling
recursion in Equation (26) determines each completion time by
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comparing Byyq; and By;_y —5s, . The two-candidate
completion-time expressions are
Dy,i = By, My; = Byi—1 — Sk (70)

At each scheduling position, Eq. (70) compares two candidate
completion-time expressions: By, ;, representing downstream
precedence, and By ;_; — S, representing same-shop-floor
sequencing. Three scheduling conditions may therefore occur.
If Byy1; < By i—1 — Sk, downstream precedence is active and
Cxi = Byi1i - If Byy1; > Bygi—1 — S, , same-shop-floor
sequencing is active and Cp; = By;_q — Sk . If Bpyq; =
Byi—1 — Sk, a tie occurs; both conditions give the same
completion time and both alternatives are retained for
conditional evaluation. The collection of these scheduling
conditions over all relevant positions defines the scheduling-
condition pattern used in the conditional KKT procedure. For
a given scheduling-condition pattern, the processing starts and
completion times can be expressed as affine functions of the
Q::

B, =A45,Q+bg,, C, =A4c,Q+bc,. (71)
Substitution into the objective in Equation (15) produces the
conditional quadratic form

TEA(N,Q) = %QTHrQ +¢lQ +a. (72)
The corresponding conditional problem is
min %QTHTQ +cfQ+ay,
=n, G,Q=h,.
The inequalities in Eq. (73) collect the minimum batch-size
requirements, nonnegative processing start times, scheduling-
feasibility conditions, and relationships required for
consistency with the assumed scheduling conditions. The
corresponding Lagrangian is
L, = TFra(N' Q) + A(lTQ - ‘I’l) - HT(GTQ [ hr) (74)

The KKT conditions are

HQ+c +A1—-G'p=0,

1"Q =n, G.Q=h,,

ui(gjiQ—h)=0 v
When a batch size reaches ¢, the corresponding lower-bound
constraint is treated as active, and the KKT system is resolved
for the remaining free batch sizes. The resulting Q; values are
used to reconstruct the complete backward schedule, and the
resulting scheduling conditions are compared with the assumed
conditions. If the scheduling conditions change, the conditional
problem is updated and solved again. Ties are handled by
retaining both alternatives for conditional evaluation.
The KKT conditions are applied to the conditional subproblem
associated with a given scheduling-condition pattern. They
provide stationary candidates satisfying the corresponding
first-order and active-constraint conditions; they do not by
themselves establish global optimality of the complete
nonconvex problem for a candidate N. Each candidate is
retained only after demand balance, minimum batch size,
nonnegative start times, all sequencing and precedence
relationships, and consistency of the scheduling conditions
have been verified. If more than one valid candidate is
generated for the evaluated N, the candidate with the smallest
TF? is retained. The detailed conditional derivation is provided
in Appendix B, while reliability is assessed computationally in
Section 5.

subject to 17Q 73)

R=0, (75

The KKT-based conditional procedure is not intended to
exhaustively enumerate all theoretically possible scheduling-
condition patterns. Instead, the scheduling conditions are
identified from the reconstructed backward schedule and
updated when necessary, while both alternatives are considered
when a tie occurs. Only candidates satisfying the complete
model constraints are retained. Accordingly, global optimality
is not claimed from the KKT conditions or the conditional
procedure alone. Its reliability is assessed computationally in
Section 5 against the independently obtained Gurobi reference
over the complete benchmark dataset.

4.4. Directional Neighborhood Search for the Number of
Batches

The directional neighborhood search begins with the distinct
integer candidates generated by Equation (69). When two
initial candidates are available, the candidate with the smaller
TF?® determines the improving direction. If the two objective
values are equal, the search continues in both directions. When
N¢ is integer-valued, the center and its available left and right
neighbors are evaluated; the search continues only in directions
that do not initially worsen the objective.

For a selected search direction, the next integer is generated by

Npew = Npes + 6, 6 e{-1,+1} (76)
The direction continues when the new candidate is feasible and
TFa(Nnew) < TFa(Nref)- (77)

Equality is treated as a tie and does not terminate the direction.
A direction stops when the computational boundary is reached,
the next candidate evaluation produces no validated feasible
result, or the first strict increase occurs:
TFa(Nnew) > TFa(Nref)- (78)

The first-strict-increase rule is a heuristic stopping criterion
rather than a proof that TF¢ is globally unimodal with respect
to N. Its purpose is to limit the number of evaluated integer
candidates after the analytical estimate has positioned the
search in a promising region. The analytical bounds guide but
do not truncate the search: when improvement continues at an
analytical boundary, the adjacent integer outside the analytical
bounds is evaluated as long as it remains within Eq. (37). The
final heuristic solution is the validated evaluated value of N
with the smallest TF¢, together with its Q; and reconstructed
backward schedule. The effectiveness of the directional
stopping rule is evaluated in Section 5.

4.5. Heuristic Algorithm

The complete heuristic logic is summarized in Algorithm 2.
The algorithm integrates the discrete search over N with Q;
determination, scheduling-condition updates, backward-
schedule reconstruction, and mandatory validation for every
evaluated candidate N.

Algorithm 2. Proposed Heuristic Solution Procedure

Step 0. Initialize. Read K, n, d, ¢, t, and s, k=1, ..., K.
Continue to Step 1.

Step 1. Determine the search bounds. Determine 1 < N <
NYEB using Egs. (29)—(37). Determine N/, and N,
using Egs. (52)—(61). Continue to Step 2.

Step 2. Determine the search center. Determine N€ using
Eqgs. (64)—(68). Continue to Step 3.

Step 3. Determine the initial candidate(s). Determine [N€|
and [N€] using Eq. (69). If |[N€| = [N€], retain only
one candidate. Continue to Step 4.

10
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Step 4. Evaluate a candidate N. Evaluate each candidate
obtained in Step 3 by performing Steps 4.1-4.4. The
same procedure is used for each adjacent N evaluated
in Steps 5 and 6.

Step 4.1. Initialize Q;. Determine the initial Q; using
Eq. (38). Continue to Step 4.2.

Step 4.2. Determine the scheduling condition.
Reconstruct By ; and Cj; using Egs. (20)—
(28). For each Cy;, determine whether the
applicable  scheduling  condition is
downstream precedence, same-shop-floor
sequencing, or a tie according to Eq. (70) by
comparing By.,; and By;_; — 5. If a tie
occurs, retain both alternatives. Continue to
Step 4.3.

Step 4.3. Determine @Q; . For each scheduling
condition obtained in Step 4.2, determine Q;
using Eqs. (71)—(75). Reconstruct By, ; and
Cy; using the resulting Q;. If the scheduling
condition in Eq. (70) changes, return to Step
4.2; otherwise continue to Step 4.4.

Step 4.4. Validate the result. Verify Q;, By, ;, and Cy;
using Egs. (16)—(28). If more than one
feasible result is obtained for the current N,
retain the result with the smallest TF¢. If no
feasible result is obtained, mark the current
N as unsuccessful. Return the result for the

current N.
Step 5. Determine the search direction(s). If [N¢| # [N€],
compare TF*(|N€]) and TF*(N¢]) . If

TFA(IN€]) < TF*([N€]), continue the search toward
smaller N. If TF*([N€]) < TF*([N€]), continue the
search toward larger N. If both values are equal,
continue the search in both directions. If only |[N€¢] is
feasible, continue toward smaller N; if only [N€] is
feasible, continue toward larger N . If neither is
feasible, terminate the heuristic.

If N¢ is an integer, evaluate N —1 and N¢+ 1,
when they lie within 1 < N < NV, using Step 4.
Continue the search in each direction for which the
adjacent N gives a smaller TF® than TF*(N€¢). If
neither adjacent value improves TF2(N€), continue
to Step 7. If N€ is unsuccessful, continue from each
adjacent N that gives a feasible result. Continue to
Step 6.

Step 6. Perform the directional search. In each selected
direction, determine the next adjacent N using Eq.
(76). If the new N lies outside 1 < N < NYB_ stop the
search in that direction. Otherwise, evaluate the new
N using Steps 4.1-4.4. If no feasible result is
obtained, stop the search in that direction. If Eq. (77)
holds, retain the new result and continue to the next
adjacent N in the same direction. If Eq. (78) holds,
stop the search in that direction. Repeat Step 6 until
the search has stopped in all selected directions.
Continue to Step 7.

Step 7. Select the heuristic solution. Among all feasible
evaluated values of N, select the solution with the
smallest TF*. Report N*, Q;, By, Ci;, and TF%*.
End.

Algorithm 2 avoids complete enumeration of the
computational domain by using the analytical bounds and
continuous search center to position the initial search, then
evaluating only adjacent candidate values for the number of
batches required by the directional rule. For each evaluated N,
the equal-sized reference is used only for initialization; the
final continuous batch sizes are determined by the KKT-based
conditional procedure and retained only after completing
backward-schedule reconstruction and mandatory validation.
The numerical illustration of the heuristic is presented in
Section 4.6.

4.6. Numerical Illustration of the Proposed Heuristic

The numerical illustration uses the same instance as the solver-
based procedure in Section 3.4, with K =3, n=9,d = 100,
£ =10.01,t=(1,3,2), and s = (5,12,8). Stages 1 and 2 are
operated by Company 1, whereas Stage 3 is operated by
Company 2. The computational domain established in Section
2.5.1is1 < N < 7. The following subsections illustrate how
the proposed heuristic positions the initial search, determines
the continuous batch sizes, applies the directional
neighborhood rule, and selects the final solution.

4.6.1. Initial Search

For this instance, the total unit processing timeis P = 1+ 3 +
2 = 6. The largest setup time is s¢ = 12, which occurs at
Stage 2, and the associated reference processing time is
therefore t¢ = 3. Substitution into Equation (66) gives the
preliminary continuous estimate

» J(zp ~on_ \/(2(6)1—23)(9) cont

The analytical range defined by the bounds in Section 2.5.3 is
1 < N < 6. Because N° lies inside this interval, Equation (67)
gives N¢ = 2.5981. The initial integer candidates from
Equation (69) are therefore
N; = |N¢| =2, N, = [N€] =3.

Each candidate is evaluated using Steps 4.1-4.4 of Algorithm
2. For the two initial candidate values, the equal-sized
partitions are used only to initialize the Q;and reconstruct the
initial backward schedules. The equal-size condition is then
released, the scheduling condition at each scheduling position
is identified using Eq. (70), and the continuous batch sizes are
recalculated through the KKT-based conditional procedure
before the complete backward schedules are reconstructed and
validated.

4.6.2. Evaluation of N and Directional Neighborhood
Search

For the lower initial candidate, N = 2, Algorithm 2 produces
the Q; = (3.90,5.10) and TF% = 355.95. For the upper
candidate, N = 3, the objective decreases to TF* = 343.80
with Q = (3.00,4.20,1.80) . The improving direction is
therefore toward larger N, and the next adjacent value, N = 4,
is evaluated. Table 3 summarizes the sequence.

Tab. 3. Numbers of batches evaluated by the proposed
heuristic

Evaluation
order

Search
interpretation

Minimu

N Qi m TF®
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Initial

1 2 (3.90, 5.10) 355.95

candidate
Improving
2 3 (3.00, 4.20, 1.80) 343.80 candidate
3 4 (2.9966, 4.1967, 343.83 First strict

1.7967, 0.0100) increase; stop

The solution at N = 4 remains feasible, but its objective value,
TF® = 343.83, is higher than TF* = 343.80 obtained at N =
3. Equation (78) therefore stops the search in the increasing
direction. Among the feasible values evaluated by the heuristic,
the smallest objective value is obtained at N = 3. In this
illustration, the directional rule terminates after three
evaluations; its broader reliability is assessed computationally
in Section 5 rather than inferred from this single example.

4.6.3. Selected Heuristic
Verification
The selected heuristic solution is NP =3, Qf =
(3.00,4.20,1.80), TF4F = 343.80. The batch sizes satisfy the
demand balance because 3.00 + 4.20 + 1.80 = 9, and each
batch satisfies Q; = €. The reconstructed backward schedule
satisfies the nonnegative-start, same-shop-floor sequencing,
and inter-stage precedence constraints, and Batch 1 at Stage 3
completes at the common due date. For the selected solution,
the processing start times at Stage 1 are B; ; = 82.00, B;, =
56.20, and B; 3 = 41.20. The direct objective calculation is
TF7 = (100 — 82.00)(3.00) + (100 — 56.20)(4.20)
+ (100 — 41.20)(1.80) = 343.80.
Consistent with Proposition 1, RBW = 0. The decomposed
objective gives the same result:
TF; = PTF, + PTF, + PTF; + TWW + FGW
TF§ = 29.88 + 89.64 + 59.76 + 51.00 + 113.52
= 343.80.
Thus, the selected heuristic solution satisfies the complete
mathematical constraints and produces identical direct and
decomposed objective values within the adopted numerical
tolerance. The corresponding backward schedule is illustrated
in Fig. 2.

Solution and Constraint

bl B ey

Fig. 2. Backward Gantt chart of the selected heuristic
solution.

5. Numerical Experiment and Comparative Analysis

5.1. Numerical Experiment Design

The numerical experiment uses 300 instances grouped as Small
1-100, Medium 101-200, and Large 201-300. Small instances
contain 2—5 processing stages and 6—9 units, medium instances
contain 25 stages and 10-20 units, and large instances contain
6-10 stages and 10-20 units. The proposed heuristic,
complete-domain  Gurobi reference, and independent
continuous Simulated Annealing benchmark use identical

instance parameters and computational domains. Appendix D
reports Q;and TF%.

5.2. Independent Simulated Annealing Benchmark
Simulated Annealing (SA) [56] is used solely as an
independent stochastic comparator and is not part of the
proposed heuristic. It does not use the analytical estimate of the
number of batches, KKT-based batch sizing, directional
neighborhood search, or information from Gurobi. The SA
state consists of an integer number of batches and a Q;
satisfying the demand-balance and minimum-batch-size
requirements. Each candidate is evaluated by reconstructing
the complete backward schedule using the original model
equations.

The final SA benchmark uses T, = 1000, = 0.95,T,,;,, =
10,and L = 200 candidate moves per temperature level. Ten
independent replications are performed for each instance, and
the best objective value among the ten replications is used for
solution-quality comparison. The complete procedure is
summarized in Algorithm 3.

Algorithm 3. Independent Continuous Simulated
Annealing Benchmark
Step 0. Initialize. Read K, n, d, ¢, t;, and s, k=1, ..., K.

Determine 1 < N < NYB ysing Eqgs. (29)—(37). Set

To=1000 , =095, Tyn=10 , L =200

candidate moves per temperature level, R = 10

independent replications, the deterministic seed base

used by the implementation, and r = 1. Continue to

Step 1.

Step 1. Start replication 7 and determine the initial state.

Set the random seed for replication r. Scan N, =

1, ..., NUB in ascending order. For each N,, determine

Q; using Eq. (38), reconstruct By, ; and Cy ; using Eqs.

(20)-(28), and evaluate feasibility. Use the first

feasible result as the initial state. If no feasible initial

state is obtained, terminate the SA benchmark. Set the
current state and the replication-best state equal to the

initial state, set T = T, and continue to Step 2.

Step 2. Evaluate a candidate move. For each candidate move
at the current temperature, perform Steps 2.1-2.3.

Step 2.1. Determine Np,, and Q; e, . Draw ry

uniformly such that 0<ry, <1 and
determine Ny, = |ryNYB| + 1.
If Npew =1, set Qqnew =n . Otherwise
draw and sort Ny, —1 independent
uniform random cut points satisfying 0 <
u < 1, use their consecutive differences to
obtain w; =0 with Zivz“fw w; =1, and
determine Qinew = € + (N — Npew&W;.
Continue to Step 2.2.

Step 2.2. Evaluate the candidate. Reconstruct By ;
and Ci; using Egs. (20)—-(28). If the
candidate is infeasible, reject it and continue
to Step 3. Otherwise determine T Fy.,, using
Eq. (15), calculate 4 = TES%,, — TF& rrent »
and continue to Step 2.3.

Step 2.3. Apply the Metropolis rule. If 4 <0,
accept the candidate. If 4 > 0, draw 1,
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uniformly such that 0 <17, < 1 and accept
the candidate if r, < exp (— %‘)

Otherwise retain the current state. If an
accepted candidate gives a smaller TF® than
the replication-best result, update the
replication-best result. Continue to Step 3.

Step 3. Continue the temperature level. If fewer than L
candidate moves have been evaluated at the current
temperature, return to Step 2. Otherwise set T < aT.
If T > Tpin, return to Step 2 for the next temperature
level; otherwise continue to Step 4.

Step 4. Complete replication r. Record the replication-best
result. If r < R, setr « r 4+ 1 and return to Step 1.
Otherwise continue to Step 5.

Step 5. Select the SA solution. Among the R replication-best
results, select the solution with the smallest TF¢.
Report N*, Qf, By ;, Ci;, and TF**. End.

The SA benchmark therefore provides an independent
stochastic comparison using continuous batch sizes over the
same computational domain, without using the heuristic
analytical search center, KKT results, directional-search
information, or Gurobi solution information.

5.3. Comparative Computational Results

5.3.1. Gurobi Global Reference over the Complete 300-
Instance Dataset
The final Gurobi benchmark globally resolves all 300
computational instances over the complete computational
domain for the number of batches under the zero-gap protocol,
subject to solver numerical tolerances. Accordingly, one
complete-domain Gurobi global reference is available for
every benchmark instance. Table 4 summarizes the final three-
method comparison.
Tab. 4. Overall computational comparison across the
complete 300-instance benchmark

. . Same Mean time
Method Solution quality selected N (s/instance)
Gurobi zero-gap 300/300 globally Reference .
global reference resolved
Pronosed Global-reference
h I;i i objective agreement 100.00% 0.2349
euristie 300/300
Full Simulated ~ Mean objective gap o
Annealing 1.0464% (S DiEne

The proposed heuristic requires 0.2349 s per instance on
average. Full Simulated Annealing requires approximately
1.5355 s per stochastic replication and 15.3545 s per instance
for the complete ten-replication protocol. Thus, the full SA
protocol requires approximately 65.36 times the mean
computational time of the proposed heuristic, corresponding to
a 98.47% reduction in computational time for the heuristic
relative to SA. The Gurobi procedure is used primarily as the
complete-domain solution-quality reference, and its per-
instance computational records are reported in Appendix D
rather than used as the primary aggregate efficiency
comparison. The heuristic evaluates only a localized set of
candidate values for the number of batches, whereas Simulated
Annealing performs approximately 18,000 candidate

evaluations per replication, or 180,000 candidate moves per
instance across the complete stochastic protocol.

5.3.2. Proposed Heuristic VS. Gurobi Global Reference
Against the complete-domain Gurobi global reference reported
in Appendix D, the proposed heuristic obtains the same
selected number of batches for all 300 benchmark instances.
The reported Total Actual Flow Time also agrees for all 300
instances at the adopted two-decimal reporting precision. This
complete agreement is used as the primary solution-quality
benchmark for the proposed heuristic.

At the adopted two-decimal reporting precision, the reported
Q; also agree between Gurobi and the proposed heuristic for all
300 benchmark instances. Thus, the selected number of
batches, reported batch sizes, and reported Total Actual Flow
Time are fully aligned across the complete benchmark.

5.3.3. Simulated Annealing VS. Gurobi Global Reference
Across all 300 instances, Full Simulated Annealing selects the
same reported number of batches as the Gurobi global
reference in 227 cases (75.67%). Its mean, median, and
maximum objective gaps relative to the Gurobi global
reference are 1.0464%, 0.3404%, and 7.7641%, respectively.
A total of 202 instances (67.33%) are within a 1% gap, while
289 instances (96.33%) are within a 5% gap. No Simulated
Annealing result provides a lower reported objective than the
Gurobi global reference.

The mean objective gap increases from 0.1796% for small
instances to 0.9816% for medium instances and 1.9779% for
large instances. The corresponding agreement in the selected
number of batches decreases from 93% to 71% and 63%,
respectively. Hence, the larger stochastic search budget
improves the benchmark substantially, but its performance still
deteriorates as problem size increases.

5.3.4. Integrated VS. Separate Company-Based Scheduling
To examine the value of coordinating batch decisions across
companies, the same numerical instance is also evaluated using
two company-based separate-scheduling references. In the first
scenario, Company 1 determines the number of batches and
batch sizes using Stages 1-2 only; in the second scenario,
Company 2 determines them using Stage 3 only. Each
reference uses the same common due date. The locally selected
batch structure is then retained while the complete three-stage
backward schedule is reconstructed using the original
processing and setup parameters. Accordingly, all approaches
are compared using the same global Total Actual Flow Time
definition.

The Company 1 reference selects N =3 with Q=
(5.40,3.00,0.60), producing a global TF* = 365.40 after the
complete network schedule is reconstructed. The Company 2
reference selects N = 2 with Q = (6.50,2.50) and produces
TF?® = 389.75. The proposed integrated scheduling considers
Stages 1-3 simultaneously and selects N =3 with Q =
(3.00,4.20,1.80), yielding the lowest global TF* = 343.80.
Relative to the Company 1 reference, the proposed integrated
scheduling reduces global Total Actual Flow Time by 5.91%.
Relative to the Company 2 reference, the reduction is 11.79%.
These results show that a batch structure selected from the
perspective of a single company may be locally attractive but
need not minimize Total Actual Flow Time for the complete
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production network. Simultaneous consideration of the
processing and setup parameters of all stages changes both the
selected batch structure and the resulting network-wide
backward schedule.

5.4. Sensitivity and Structural Analysis

5.4.1. Sensitivity to Demand

A controlled demand experiment uses the numerical example
while demand varies from | to 20 and the remaining
parameters are held constant. The selected number of batches
changes stepwise from one to five. A new batch is introduced
only when the reduction in TF® obtained from smaller batches
exceeds the additional setup burden. The relationship between
demand and the selected number of batches is illustrated in Fig.
3.

W
¢ |
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Selected number of batches, N

o
1 2 1 4 4 b 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Domang, n

Fig. 3. Demand sensitivity of the selected number of
batches.

The minimum TF% also increases with demand because
additional units increase the processing contribution and may
change the batch-size distribution, active scheduling
relationships, and waiting between successive shop floors. The
stepwise response confirms the trade-off between smaller
batches and additional setups.

5.4.2. Sensitivity to Unit Processing Times

Unit processing times are increased by 20%, 40%, 60%, 80%,
and 100% using seven patterns covering changes at one shop
floor, two shop floors, and all shop floors. The average results
for each increase level are summarized in Table 5. The
corresponding effect on the minimum Total Actual Flow Time
is illustrated in Fig. 4.

Tab. 5. Summary of processing-time sensitivity

Processing-time Range of Average Average
increase selected N minimum TF* runtime (s)
20% 3-4 371.82 0.03
40% 3-4 398.82 0.05
60% 4 425.49 0.04
80% 4 451.92 0.05
100% 4-5 478.10 0.06

Higher processing times increase TF because batches must
begin earlier to meet the common due date. The location of the
parameter change also matters. An increase at an intermediate
processing stage affects precedence relationships on both sides,
whereas an increase at the final processing stage directly
increases the processing exposure near the common due date
and may require earlier upstream starts.

Y

ual Row Time

400 o

w0 | mm_~"
e

Average minimum Tosal Acy

2 » 60 80 100

Processang-time increase (%]

Fig. 4. Sensitivity of TF® to processing time increases.

5.4.3. Controlled Effect of the Number of Processing Stages
A controlled sensitivity experiment is conducted to isolate the
effect of the number of processing stages, K, on the batch-
scheduling solution. The total demand, common due date,
minimum allowable batch size, and stage processing and setup
parameters are held constant, while K is varied from 2 to 10.
The homogeneous processing and setup values correspond to
the reference processing—setup pair used in the analytical
initialization. The common due date is selected sufficiently
large to retain feasible solutions over the complete tested range
of K. Thus, unlike an aggregate benchmark comparison, this
experiment changes only the production-network length. The
results are summarized in Table 6.

Tab. 6. Controlled sensitivity to the number of processing

stages
Number of Selected Minimum Average
processing stages, K N TF* heuristic time (s)
2 3 348.75 0.0260
3 4 430.88 0.0489
4 4 496.13 0.0594
5 5 555.00 0.1146
6 5 604.80 0.1007
7 6 652.95 0.1399
8 6 695.25 0.1893
9 6 735.75 0.2063
10 7 774.96 0.5518

The controlled results show a clear structural effect of
production-network length. As the number of processing
stages increases from 2 to 10, the selected number of batches
increases stepwise from 3 to 7, while the minimum TF¢
obtained by the heuristic increases monotonically from 348.75
to 774.96. The increase in TF® occurs because additional
processing stages extend the production route and introduce
additional precedence relationships through which each batch
must pass before the common due date. The selected number
of batches does not increase at every additional stage,
indicating that the benefit of further batch splitting must still
offset the associated setup burden. Computational time also
tends to increase as K grows because each evaluation for a
candidate number of batches contains more scheduling
variables, precedence relationships, and scheduling positions
at which the applicable condition must be evaluated. Because
all parameters other than K are held constant, these results
isolate the effect of production-network length within the
tested design.

5.4.4. Sensitivity to the Minimum Allowable Batch Size

A controlled sensitivity experiment was conducted using the
numerical illustration to examine the effect of the minimum
allowable batch size, €, while all other model parameters were
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held constant. The experiment varies € from its baseline value
of 0.01 units to 3.50 units and evaluates the resulting selected
number of batches and minimum Total Actual Flow Time.
For values of € from 0.01 to 1.80 units, the optimal solution
remains unchanged, with three batches, the Q; =
(3.00,4.20, 1.80), and a minimum Total Actual Flow Time of
343.80. This indicates that the minimum-batch-size constraint
is inactive throughout this range because the imposed lower
bound does not exceed the smallest batch size in the baseline
solution. Consequently, increasing & within this interval does
not alter either the selected number of batches or the objective
value.

Once € exceeds 1.80 units, the minimum-batch-size constraint
becomes binding at € =00, 2.50, and 33.00nits; three
batches remain feasible, but the minimum Total Actual Flow
Time increases to 343.95, 345.64, and 351.00, respectively.
Thus, although the number of batches does not initially change,
the increasingly restrictive lower bound modifies the feasible
batch-size distribution and progressively increases the
objective value.

A further structural change occurs at ¢ = 3.50 units. Because
the total demand is nine units, three batches satisfying the
lower bound would require at least 3(3.50) = 10.50 units
and are therefore infeasible. The selected number of batches
consequently decreases from three to two, and the minimum
Total Actual Flow Time increases to 355.95.

As illustrated in Fig. 5, the response exhibits a clear threshold
effect. The objective remains constant while the minimum-
batch-size constraint is inactive, begins to increase once the
lower bound becomes binding, and undergoes a structural
change when the restriction reduces the feasible number of
batches. Hence, the effect of € is piecewise and threshold-
dependent rather than proportional across its entire range.
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Fig. S. Sensitivity of Total Actual Flow Time to the
minimum allowable batch size.

5.5. Real-Data Application

The heuristic is further applied to a real-data instance supplied
by a manufacturing company. The production network consists
of seven sequential processing stages distributed across four
companies. Stage 1, which involves material cutting, is
performed at Company 1. Stages 2 and 3 are performed at
Company 2, Stages 46 are performed at Company 3, and
Stage 7 is performed at Company 4. The instance has a total
weekly demand of 480 units and a common due date of
270,000 s. Following the order of the seven processing stages,
the unit processing time is (210,28,395,187,27,57,55)
s/unit and the setup-time is (61, 22,37,47,47,32,10) s/batch.
The production-network configuration is illustrated in Fig. 6.

The case-study product is a high-precision component
manufactured using CNC machining. Because of its precision
and handling requirements, the component is stored and
handled using dedicated pallets, each accommodating 12 units.
At the request of the industrial partner, the company identity,
specific component designation, and product images are not
disclosed.

The 12-unit pallet quantity provides the operational basis for
the minimum allowable batch size used in the present model.
The principal company specifies a daily delivery target to the
vendor of 84 components from Monday to Friday,
corresponding to seven pallets per regular working day, and 60
components on Saturday, corresponding to five pallets because
of the shorter Saturday working period. Hence, the weekly
demand is 5(84) + 60 = 480 units. Because the 60-unit
Saturday target occurs last in forward weekly time, it is
indexed as Batch 1 under the backward batch-indexing
convention. Accordingly, the company-reference Q; is
(60,84, 84,84, 84,84).

The physical component is discrete, and actual production,
storage, handling, and delivery quantities are integer- and
pallet-based. The present formulation, however, treats batch
size as a continuous decision variable. Accordingly, the 12-unit
pallet quantity is represented as a minimum allowable batch
size rather than as an integer or pallet-multiple constraint. Thus,
the present model does not generally require the resulting batch
sizes to be integer-valued or multiples of 12. Incorporating
integer batch-size decisions and explicit pallet-multiple
restrictions is reserved for subsequent model development.

n = 400
=12

Fig. 6. Real-data production network configuration for the
case-study component across four companies.

The current company policy results in six batches. Based on
the computational upper-bound procedure in Section 2.5.1, the
minimum-batch-size condition gives N, = |480/12] = 40.
The scheduling-horizon bounds obtained from the individual
processing stages are larger than this value; therefore, the
computational upper bound is NYB = 40 , and the
computational domain for the number of batches is N =
1, ..., 40. The unrestricted analytical estimate of the number of
batches is 115.93. Because this value exceeds the
computational upper bound, the continuous estimate used by
the heuristic is restricted to the computational domain,
resulting in N¢ = 40.

Since N€ is integer-valued and coincides with the upper
computational boundary, the heuristic evaluates the center
N = 40 and its available neighboring candidate N = 39.
The batch sizes are reoptimized for each candidate, and the
corresponding backward schedules are reconstructed using the
actual setup and processing times. The resulting Total Actual
Flow Time is 50,289,215.24 for N = 39 and 50,236,560.00
for N = 40. Because N = 40 provides the lower objective
value and no larger value of N is permitted by the
computational domain, the selected solution is N = 40. For
N = 40, the minimum-batch-size requirement and demand-
balance condition imply Q; = 12 units for all batches,
because the total demand is exactly 40 X 12 = 480 units.
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The selected backward schedule produces a minimum Total
Actual Flow Time of 50,236,560.00 and a minimum
processing start time of 72,189.00 s. The comparison between
the current company policy and the selected heuristic solution
is summarized in Table 7.

Tab. 7. Comparison of the company policy and the
heuristic for the real-data instance

Proposed heuristic

Indicator Current company policy algorithm
Number of batches 6 40
Batch-size structure (60, 84, 84, 84, 84, 84) (12,12, ... ,12,12)

TF¢ 71,871,660.00 50,236,560.00
Reduction fr(_)m ) 30.10%
company policy

Minimum processing 40,663.00 72.189.00

start time
The proposed heuristic reduces Total Actual Flow Time by
21,635,100.00, or 30.10%, relative to the current company
policy. The model selects 40 batches of 12 units because the
pallet-derived minimum allowable batch size does not permit
a smaller batch. In this particular boundary solution, each 12-
unit batch also corresponds to one dedicated pallet; however,
this correspondence arises from the selected solution and
should not be interpreted as an integer or pallet-multiple
restriction imposed by the continuous model. The resulting
30.10% reduction therefore represents the best Total Actual
Flow Time obtained under the current formulation, rather than
evidence that a 40-batch or one-pallet-per-batch policy would
necessarily be preferred in actual operations. The
corresponding sensitivity results are presented in Table §.

Tab. 8. Sensitivity of the real-data solution to the minimum
allowable batch size

Change .
- Marginal
Minimum . . VS. d
batch size Implied Minimum comparf improvement
NUYB TF® PANY- of final batch
£ policy (%)
(%) °
80 6 74,790,000.00 —4.06 4.442
48 10 63,128,880.00 12.16 1.744
24 20 54,445,200.00 24.25 0.468
16 30 51,609,840.00 28.19 0.204
12 40 50,236,560.00 30.10 0.105

The results show the sensitivity of the real-data solution to the
minimum allowable batch size while all other production-
network parameters are held constant. The tested values are
treated as controlled model parameters and should not be
interpreted as alternative physical pallet capacities. Decreasing
€ increases the feasible limit on the number of batches and
progressively reduces Total Actual Flow Time. However, the
marginal benefit of the final additional batch decreases
substantially, from 4.442% when moving from 5 to 6 batches
to only 0.105% when moving from 39 to 40 batches. Hence,
although the present Total Actual Flow Time objective selects
the 40-batch boundary solution, the additional flowtime benefit
near this boundary is small. This result provides a quantitative
basis for considering transportation, material-handling,
inspection, documentation, and shipment-frequency burdens
when determining an operationally acceptable number of
batches.

The selected solution should nevertheless be interpreted as a
model-based operational benchmark rather than an
immediately implementable policy. The present formulation

considers continuous batch sizes and minimizes Total Actual
Flow Time, but does not explicitly incorporate transportation
or delivery costs, inventory holding or storage costs, loading
and unloading costs, inspection costs, or other transfer-related
costs associated with increasing the number of batches.
Consequently, practical implementation may require
additional restrictions such as integer and pallet-multiple batch
sizes, a larger minimum operational batch size, a maximum
allowable number of batches, transportation and material-
handling capacity, shipment frequency, and other company-
specific considerations. These operational extensions are
outside the scope of the present continuous model and
constitute directions for subsequent development.

5.6. Discussion

The results support the value of integrating batch decisions
across interconnected companies. In the numerical example,
batch structures selected from the perspective of Company 1 or
Company 2 produce global Total Actual Flow Time values of
36540 and 389.75, respectively, whereas simultaneous
consideration of all three stages produces 343.80. The
corresponding reductions of 5.91% and 11.79% show that a
locally attractive batch structure need not minimize network-
wide performance.

The complete benchmark clarifies the role of the proposed
heuristic. The analytical estimate positions the discrete search,
the KKT procedure determines Q;, and the directional rule
limits the number of adjacent candidate values for the number
of batches that must be evaluated. Across all 300 benchmark
instances, the heuristic matches the reported Gurobi objective
and selected number of batches while requiring only a
localized search over the number of batches. This empirical
agreement provides strong computational evidence for the
reliability of the combined analytical and KKT-based structure
without treating the heuristic stopping rule itself as a global
optimality proof.

The independent Simulated Annealing benchmark provides a
contrasting stochastic search mechanism. Even with a
stochastic search budget of approximately 180,000 candidate
moves per instance, its mean objective gap remains 1.0464%,
and the same reported number of batches as the Gurobi
reference is obtained in 75.67% of the instances. The complete
ten-replication SA protocol requires 15.3545 s per instance on
average, compared with 0.2349 s for the proposed heuristic.
Thus, the proposed heuristic requires approximately 98.47%
less computational time than the full SA protocol while
matching the reported Gurobi objective throughout the
benchmark. These results indicate that solution quality depends
on both the discrete decision on the number of batches and
continuous batch-size determination and support the use of
analytical guidance and KKT-based batch sizing rather than
relying exclusively on stochastic exploration.

The sensitivity analyses show distinct parameter effects.
Higher demand and longer processing times generally increase
Total Actual Flow Time and may change the selected number
of Dbatches. The controlled production-network-length
experiment isolates the effect of the number of processing
stages by holding the other tested parameters constant,
showing a stepwise increase in the selected number of batches
and a monotonic increase in Total Actual Flow Time over the
tested range. The minimum-batch-size experiment exhibits a
clear threshold effect: the constraint is initially inactive,
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becomes binding after the smallest unconstrained batch is
reached, and can eventually reduce the feasible number of
batches.

5.6.1. Managerial Implications

From a managerial perspective, the results indicate that the
number and sizes of production batches should not be
determined independently by individual companies when their
schedules are operationally interconnected. A batch structure
that is locally attractive for one company may increase waiting
or force earlier processing at other stages. The proposed model
can therefore be used as a coordinated planning benchmark in
which participating companies share processing times, setup
times, the common due date, and operational batch-size
restrictions before a common batch structure and backward
schedule are evaluated. In the real-data setting, this framework
can complement quantity-based delivery targets by explicitly
incorporating the processing and setup characteristics of
participating companies into the network-wide schedule
evaluation.

The coordinated solution should be interpreted as a network-

wide planning reference rather than an automatic
implementation rule. Before operational adoption, the
participating companies should evaluate transportation

capacity, shipment frequency, material-handling resources,
inspection and documentation requirements, integer batch-size
restrictions, and other company-specific constraints. The
principal managerial contribution is therefore a structured
mechanism for revealing the network-wide consequences of
batch decisions that would otherwise be made independently
across organizational boundaries.

5.6.2. Limitations and Practical Interpretation

The real-data application should be interpreted as a model-
based operational benchmark rather than an immediately
implementable policy. The minimum allowable batch size of
12 units is derived from the dedicated pallet used for the high-
precision component, which accommodates 12 units. Under
the present Total Actual Flow Time objective, the model favors
smaller batches up to this operational lower bound. Because
the physical component is discrete and actual handling is
pallet-based while the present model uses continuous batch
sizes, integer and pallet-multiple restrictions are not explicitly
represented. Transportation and delivery costs, material-
handling capacity, loading and unloading effort, inspection,
documentation, inventory holding or storage, and other
transfer-related considerations are also not explicitly
represented. Future extensions should incorporate these factors
and extend the controlled sensitivity design to broader
production-network structures, heterogeneous processing and
setup profiles, and additional company configurations.

6. Conclusion

This study develops an integrated batch-scheduling model for
sequential flow shops in a production network processing a
single item under a common due date. The model
simultaneously determines the number of batches, continuous
batch sizes, and a feasible backward schedule while
considering stage-specific processing and setup times. A finite
computational domain is established from the minimum
allowable batch size and scheduling-horizon conditions, while

an equal-sized reference partition is used only to guide the
heuristic search.

The complete-domain Gurobi benchmark globally resolves all
300 benchmark instances under the final zero-gap protocol,
subject to solver numerical tolerances. The proposed heuristic
obtains the same selected number of batches and reported
objective value for all 300 instances while evaluating only a
localized set of candidate values for the number of batches. The
independent continuous Simulated Annealing benchmark
provides an additional stochastic comparison, with mean and
median objective gaps of 1.0464% and 0.3404%, respectively.
The proposed heuristic also requires 98.47% less mean
computational time than the full Simulated Annealing
protocol.

The real-data application to a seven-stage production network
across four companies yields a 30.10% reduction in Total
Actual Flow Time relative to the current company batching
policy under the adopted minimum batch-size condition. The
result should be interpreted as a model-based planning
benchmark rather than an immediate operational prescription.
Future research should incorporate transportation and transfer
costs, material-handling capacity, integer and pallet-multiple
batch-size requirements, and broader production-network
structures.
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