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NORMAL 6-VALENT CAYLEY GRAPHSOF ABELIAN
GROUPS

Mehdi Alaeiyan

Abstract: We call a Cayley graph I' = Cay (G, S) normal for G, if the right regular
representation R(G) of G is normal in the full automorphism group of Aut(T'). In
this paper, a classification of all non-normal Cayley graphs of finite abelian group

with valency 6 was presented.
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1. Introduction
Let G be a finite group, and S be a subset of G not
containing the identity element 1. The Cayley digraph
I'=Cay(G,S) of G relative to S is defined as the graph
with vertex set V(I') = G and edge set E(I') consisting
of those ordered pairs (x, y) from G for which yx' € S.
Immediately from the definition we find that, there are
three obvious facts: (1) Aut(I') contains the right
regular representation R(G) of G and so I' is vertex-
transitive.
(2) T is connected if and only if G =< S>. (3) T is an
undirected if and only if S”'=S.
A Cayley (di)graph I'=Cay(G,S) is called normal if the
right regular representation R(G) of G is a normal
subgroup of the automorphism group of I'.
The concept of normality of Cayley (di)graphs is
known to be important for the study of arc-transitive
graphs and half-transitive graphs (see[1,2]). Given a
finite group G, a natural problem is to determine all
normal or non-normal Cayley (di)graphs of G. This
problem is very difficult and is solved only for the
cyclic groups of prime order by Alspach [3] and the
groups of order twice a prime by Du et al. [4], while
some partial answers for other groups to this problem
can be found in [5-8]. Wang et al. [8] characterized all
normal disconnected Cayley’s graphs of finite groups.
Therefore the main work to determine the normality of
Cayley graphs is to determine the normality of
connected Cayley graphs. In [5, 6], all non-normal
Cayley graphs of abelian groups with valency at most 5
were classified. The purpose of this paper is the
following main theorem.

Theorem 1.1 Let ' = Cay (G, S) be a connected
undirected Cayley graph of a finite abelian group G on
S with valency 6. Then I" is normal except when one of
the following cases happens:
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(1):G= Zi = <a> x <b> x <¢> x <d> x<e>,
S ={a, b, c,abc,d,e}.

2): G:Zz X Zm=<a>x <b>x <¢>x <d>(m > 3),
S={a,b,c, abc,d,d"'}.

(3): G =22 % Zy = <a> x <b> x <c>,
S={a,b,ab, Aoe, ¢y

4): G =Zz X Z4=<a> X <b> X <¢> x <d> x <e>,
S=1{a,b,c,d,e, e'l}.

5):G =Zz X 7, =<a> x <b> x <¢> x <d>

Sl = {a9 bn c, dza dﬂ dJ})

S,={a,b,ab,c,d,d"'}, S;={a, b, c,ad’, d,d"'}.
(6): G = Z2 x Zg=<a>x <b> x <c>,

S ={a, b, ab, ¢, c, .

M:G= Zz X Ze= <a> x <b> x <¢> x <d>,
S={ab,c d d,d".

(8): G =Z¢ X Zyy=<a>x <b>(m2 2),
S={a’,b™ a,a’,b,b'}.

(9): G=2ZyxZgx Ly =<a>%x<b>x<¢>(m=> 3),
S={a, b’ b,b'cc'}.

(10): G=Zyx Zyp=<a>x <b>(m = 2),
S={a,a’,a’, b, b’ b™.

(11): G=2Z,x Zyx Z, = <a> X <b> x <c>(m 2 3),
Slz {aa b9 b—ls bzs C, C-l}a SZ = {a9 b, b-l’ abza C, C-l}'
(12): G =Zyx Zyx Zpy = <a> x <b> x <c>(m > 2),
S={a,b,b’,c ¢’ c"}.

(13): G = Z) X Zyx Zy = <a> x <b> x <¢> x <d>
(m=3), S = {a,b,c,c’, d,d"'}.
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(14): G = Zz X Zn = <a> x <b> x <¢> x <d> (m> 3),
S={a,b,cd,cd’, d d'}.

(15): G= Zz X Zm=<a>x <b>x <¢> (m = 5, 10),

S={ab,c, !l 073}.
(16): G = Z, X Zypn=<a>x <b>x <c>(m>2),
S — {a’ b, c, c-l, CZmH’ C2m71}'

(17): G = ZyX Zyy = <a> x <b> (m> 3, m is odd),
S={a,a’,b, b’ b™" b™"}.

(18): G = Zi X Ly = <a> x <b> x <¢> (m> 3),
S={a, a’, b, b’ c, c"}.

(19): G =Zyy x Z, = <a> x <b> (m> 2, n>3),
S=1{a,a’,a™", a™" b,b'}.

(20): G = Zyx Zy X Z,, = <a>x<b>x<c> (m> 3, n>3),
S={ab,ab’, bb", c, c'.

21):G=Z, x Z,=<a>x<b>(m=5, 10, n>3),
S={a, a' a’a’b, b’]}.

(22):G= Z; = <a> x <b> x <¢> x <d>,
S={a,b,ab, c, abc, d}.

23):G= Zz X 74= <a> x <b> x <¢>,

S={a,b, ac’, ¢, ¢’ cz}.

24):G= Zz X Z,=<a> x <b> x <¢> x <d>,
S={a,b,c,d,d’, abd’}.

(25): G =Zz X Zsm = <a> x <b> x <¢> (m> 1),

S = {a, b,ac™, ac™, ¢, c'}.

(26): G = Z,x Z,y = <a> x <b>, S= {a, b, b°, b°, b’, b’}.

27):G= Zz X Zpm = <a> x <b> x <¢> (m> 2),

S = {ac,ac’,b,c", c,c}.

(28): G = Zyx Zyx Zyy = <a> x <b> x <¢> (m> 2),
S={a, bc™ b, b, c, c'}.

(29): G = Zyx Zpy, = <a> x <b> (m> 3),

S — {a’ bm’ b, b-l , bm+l’ bmfl}'

(30): G = Z. X Zyp=<a> x <b> x <c> (m=2),
S={a,b,ac, ac ', c, c_l}.

(31): G =Z,x Zgy = <a> X <b> (m >3, m is odd),
S={a, bLb % b" b™ b™}.

(32): G = Z. X Zgy = <a> x <b> x <c> (m=2),

S = {a, bc™, bc™, be™, ¢, ¢}
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(33): G = Z, =<a> x <b> x <c>, $ = {a, b, ¢, ab, ac,
abc}.

(34): G = Z, =<a>x <b>x <¢> x <d>,
S={a,b,c,d,abc, abd}.

(35):G= Zi X Zpm = <a> x <b> x <¢> (m> 2),

S={a,b,ac™ bc™ c,c .

(36): G = Z. x Z, = <a>x<b>x<c>,

2 -1
S;={a,b,ab,ac’,c,c},
S,={a, b, ac?, abc?, c, c_l}.

(37): G = Z, % Zs= <a> x <b> x <c> x <d>,
S={a,b,c,abcd’ d,d"}.

(38): G = Z,x Zgm = <a> x <b> (m> 2),
S = {a, b™ ab™ ab™ b, b'}.

(39): G = Z,x Zyp = <a> x <b> (m> 1),
S = {a, ab™, ab™™, ab’™, b, b™'}.

(40): G = Zyx Zyp, = <a> x <b> (m> 2),
S={a,a’', b"™ a’d™ b, b}

41):G= Zz X Zym = <a> x <b> x <¢> (m> 1),

S = {a, ac™, bc™, be™™, ¢, ¢}

(42): G =2, X Zyp = <a> x <b>,
S={a, ab’, b,b’, b, b’}.

(43): G=27, X Zy, = <a> x <b>,

Si={a,b,b',b™ ab,ab'}, m>2,

S,={a,ab™, b,b"', ab,a b}, m>2,

S; = {ab™, b™, b, b "', ab, a b'}, m> 2, S, ={a, ab™, b,
b L b™, b™ ", m>3,Ss={a, b, b, b™, ab™" ab™ '},
m>3, Sg={a, ab™, b, b ', ab™", ab™ "}, m>3

S;={ab™, b, b "', b™, ab™", ab™ '}, m>3

44):G= Zz X Zm=<a>x <b>x <c> S;= {a, b, c, 0-1’

abc, abc™'}, m>3, S,={a, b, ¢, ¢!, ac*"!, ac* '}, m = 2k,
k>3, Sy={a, b, c, ¢!, abc""', abc* '}, m =2k, k >3,

S,= {a, bc, b ¢! ack, ¢, ¢y, m=2k k>2,

Ss= {a, bc""!, bc" !, ¢~ ¢, ¢}, m =2k, k>3,

Se= {a, bc""!, bc" !, ack, ¢, ¢!}, m =2k, k>3,
S,={a,b,c, ¢! ac, acfl}, m=2k—-1,k>2.

(45): G = Zy, = <a> (m> 2),
S = {a’ a—l’ am’ a—m’ a2m+1’ a'2m—1}.

(46): G = Z,,, = <a> (m>4),

S={a,a’,a™" a™" a" 2"} 2<k<m-2),
(m,k)=1if1>2or1=2 for m = 4i + 2; (k = 2i, with i
odd or k = 2i + 2, with i even).

@7): G=2, x Z,, = <a> x <b> (m> 5),
S, = {ab,ab ', b,b", b, b7} 2 5 <§ ), (m, j)=p >
2;m=(t+ lp,
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S= {ab, ab b, b, b b", abl , ab}, (2 5 < % ), (m,
D=p>2;m=(t+ p.

(48): G =7, xZg = <a>x<b>,
S;={ab,ab ', b,b ", b’, b},
S,= {ab,ab ', b,b "', ab’, ab}.

(49): G = Zy, X Zy = <a> x <b> (m> 2, n>3),
S=1{a,a',a",a"™b ', b,b'}.

(50): G = Z,,, XZ,, = <a>x<b> (m> 3, n>2),
S={a,a’,a™"b" a"'b", b,b"'}.

(51): G = Zgn=<a> (m>2), S;= {a,a ', a’, a >, a™",

a3m—1}
82: {aj a—l a3m+1 a3m—1 a3m+3 a3m—3}
(52):G=Z,=<a>(m=7,14),S={a,a',a’, a”, a,
a).

(53): G =Z;, =<a> (m=3),

m-1 _m+l _2m-1
b

S={a,a’,a™ " a™" a amly

a

(54): G = Zgns = <a> (m> 1),
4m—2 12m—2 aSm*S a

S={a,a’, a"™?a Sm7ly

(55) G = Zle+4 =<a> (mZ 1),

S — {a’ afl’ a4m+2, a12m+2, a8m+1, a8m+3}.
(56): G =73 x Z3 =<a> x <b>,

S = {a, a’, b, b’, a’b, ab’}.

(57): G=2Z,x Zyx 74 = <a> x <b>x <¢>,
S={a,b,b",c ¢, ab’ .

2. Primary Analysis
Proposition 2.1 [9, Proposition 1.5] Let T" = Cay (G, S)
be a Cayley graph of G over S, and A = Aut('). Let A,
be the stabilizer of the identity element 1 in A.
Then I' is normal if and only if every element of A is
an automorphism of G.
Proposition 2.2 [6, Theorem 1.1] Let G be a finite
abelian group and S be a generating subset of G — 1g.
Assume S satisfies the condition that, if s, t, u, vé S
with 17 st = uv, implies {s, t} = {u, v}. Then the
Cayley graph Cay (G, S) is normal.

Let X and Y be two graphs. The direct product XxY is
defined as the graph with vertex set V (X xY) =V
(X)xV (Y) such that for any two vertices u = [x, yi]
and v = [Xy, y2] in V (X XY), [u, v] is an edge in X xY,
whenever x; = x; and [y;, y2] €E(Y ) or y; =y, and
[x1, x2] € E(X). Two graphs are called relatively prime
if they have no nontrivial common direct factor. The
lexicographic product X[Y] is defined as the graph
vertex set V (X[Y]) =V (X) x V (Y) such that for any
two vertices u = [xy, y;] and v = [X,, y»] in V (X[Y]),
[u, v] is an edge in X[Y] whenever [xy, X;] € E(X) or
X; =Xz and [yy, yo] € E(Y).

Let V(Y) = {y1, Y2, ---, Yu}. Then there is a natural
embedding nX in X[Y], where for 1 <i <n, the ith copy
of X is the subgraph induced on the vertex subset {(x,
yolx € V(X)} in X[Y]. The deleted lexicographic
product X[Y] — nX is the graph obtained by deleting
all the edges of (this natural embedding of) nX from
X[Y]. Let I' be a graph and a a permutation V (I') and
C, a circuit of length n. The twisted product I X, C, of
I" by C, with respect to a is defined by;

VI x,Ch)=VIDMxV(C)={xD[xe VI),i=
0,1,..,n—1},
E(T%, C) = {[(x, 1), x, i+D)] x €V (), i=0, 1, ...

n-2} U {[(x, n=1), (x*,0)] [x € V (D)} [ {[(x, i), (v,
DX, y] € ET),i=0,1,...,n—1}.

d
The graph Q4 denotes the graph obtained by
connecting all long diagonals of 4-cube Q,, that is,
connecting all vertices u and v in Q4 such that d(u, v) =
4. The graph K,,;, % C, is the twisted product of Ky,
by C, such that c is a cycle permutation on each part of
the complete bipartite graph K, .. The graph Q; % 4C,
is the twisted product of Q; by C, such that d
transposes each pair of elements on long diagonals of

d
Qs. The graph sz [2K,] is defined by:
d
V(C,  [2Ki]) =V (Com[2Ki]),

d .
E(C,, [2Ki]) = E(Conl2K DU A[(%i, 7). (iems 9] | i=
0,1,..,m—1,j=1,2}, where V (Cop) = {X0, X1, ---»
sz,l} and V(ZK]) = {Y1, Yz}

Let G = G1xG, be the direct product of two finite
groups G, and G,, let S; and S, be subsets of G; and

G,, respectively, and let S = S, U'S, be the disjoint
union of two subsets S;and S,. Then we have,

Lemma2.3

(1) Cay (G, S)= Cay (Gy, S))xCay (Ga, S»).

(2) If Cay (G, S) is normal, then Cay (G, S;) is also
normal.

(3) If both of Cay (Gy, S) and Cay (G, S,) are normal
and relatively prime, then Cay (G, S) is normal.

3. Proof of the Main Theorem
In this section, I" always denotes the Cayley graph
Cay(G, S) of an abelian group G on S with valency 6.
Let A = Aut(I'). Then A, and A," denote the stabilizer

of 1 in A and the subgroup of A which fixes {1} S,

pointwise, respectively. In order to prove Theorem 1.1
we need several lemmas.

Lemma 3.1 Let G = Z,,, = <a>, (m>5) , and S ={a,
a’, a™ ami a2l 2<i< % . Then T = Cay (G, S)

is normal .
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Proof Let I'y(1) be the subgraph of I with vertex set
{13 UsUS? and edge set {[1,s], [s, st] | s,teS}. By
observing the subgraph I'5(1), it is easy to prove that
Al* fixes S? pointwise, which implies that A]*= 1. Thus
A acts faithfully on S. Observing the subgraph I',(1)
again, A, as a permutation group on S, is generated by
(a, a )@, a™"). So |A;| = 2 and T’ = Cay(G, S) is
normal.

Lemma3.2: Let G =Zz X Zn=<a>x <b>x <¢>, m=

4k, k>2and S = {a, b, c*, ¢, ¢, ¢'}. Then T = Cay (G,
S) is normal.

Proof Set G, = <a,b>, G, = <c>, S;= {a, b}, S,= {c*,
c3k, c, c'l}. Then I'y = Cay (Gy, S;) = K;,xK,. Note that
I'y and I';, = Cay (G, S,) are relatively prime. By [5,
Theorem 1.1] and [6, Theorem 1.2], I'y and T', are
normal and by Lemma 2.3, I' = Cay (G, S) is normal.

With similar arguments as in Lemmas 3.1 and 3.2, we
have the following lemma.

Lemma 3.3 Let G and S be as the following. Then the
Cayley graphs I' = Cay (G, S) are normal.

(1): G =Zz =<a> x <b> x <¢> x <d>,

S={a,b,c,d, ad, abc}.

(2): G = Z) x Zg=<a> x <b> x <c>,

S={a,b, ac’, ¢, c, cfl}.

3):G =Zz X Zom = <a> X <b> x <¢> (m > 2),

S={a, b, abc™, c™ c,c'}.

(4): G =12, %X Zgyn = <a> x <b> (m > 2),
S = {a, ab™, ab™ ab™ b, b '}.

(5): G=27Z, x Zgp, = <a> x <b> (m > 2),
S={a, b™ b™ b™ b, b '}

(6): G =Zg % Zyy = <a> x <b> (m > 3),
S={a,a’ a,ab™ b b}

(7) G= Zz X sz =<g> X <b>’

S\= {a, ab’, ab %, b™, b, b '}, (m > 4),

S,= {a, ab™? ab™ 2, ab™, b, b '}, (m>5),
S;={a,b™2, b™ 2 b™, b,b "'}, (m=4, m>6).

(8): G =7, X Zypnin = <a> x <b>,

Si= {a, ab™, ab™", ™™, b, b '},

(m=>2), S;={ab, b, b", b™™%, b}, (m>2),
S = {a,ab™", ab™" b™"! b, b '}, (m >2),
S={a,b,b !, b™" b ™"} (m>3).

(9): G=2Z4 %X Zymiy = <a>x <b>(m = 1),

S]Z {aZb2m+l’ b2m+l’ aJ:)m’ a3b3m+2’ b, bfl}’

82: {aZ’ aZmeJrl’ aJ:)m’ a3b3m+2’ b, bfl}.

(10): G=2Z x Zp,=<a>x <b>x <c>, (m = 4,m # 6),
S={a,b,c, ¢! ac? ac_z}.

(11): G =27, X Zyy = <a> x <b> (m > 2),
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Si= {a, ab™, ab™™, b>™, b, b '},
S,= {a, b, b, b™, b, b*"},
S; = {a, ab™, b™, b™ b, b '}.

(12): G =74 x Zy, = <a> x <b> (m > 3),

S={a% a’®™ a,a ', b,b'}.

(13):G= Zi X Zam = <a> X <b> x <¢> (m > 2),

S;= {a, b, abc™, abc’™, ¢, ¢ '}, S»= {a, b, ac™, ac™”, c,
¢},

S3 = {as ba cms c3m3 c, C_l}a

S,={a, ™, bec™, be’™, ¢, ¢}

(14): G = zi X Zam = <a> X <b> x <¢> x <d> (m > 2),
S={a,b,cd", cd™, d,d"}.

(15): G = Z. X Zyp = <a> x <b>x <¢>(m =7, 9, m >

11),
S={a,b,c, ¢l el c_3}.

(16): G = Zyx Zyx Zypiy = <a>x<b>x<¢> (m > 1),
S = {a b2c2m+1 me b3c3m+2 c c*l\

a7n:G :Zj X Zamiz = <a> X <b> x <¢> (m > 2),
S ={a, ™" be™ bc™™? ¢, ¢},

(18): G=2Zyx Zy4 X Zyyy = <a> x <b> x <¢> (m > 3),
S={a,ac™,b,b',c,c'}.

(19): G = Z, x Zyy, = <a> x <b> (m > 6),
Sl: {aa bm7 b7 b717 b3’ b73}7
SZZ{aa abm7 b7 b717 b3,b73 }

(20): G = Zyp X Z, =<a>x <b>(m >2,n > 3),
S={a,a',a"a™ b, b'}.

(21): G = Zyy X Zyy = <a> x <b>x <¢>(m, n # 4),
S={a,al,b, bl ¢, cfl}.

(22):G=2Z4x 2y x Z,=<a>x <b>x <¢>(m, n # 3),
S = {a, a,b,b',cc').

(23): G=Zsn (m = 5),
S={aa’,d,a’,a™ a"} 2<j< % )-

(24): G=Zpx Z,=<a>x<b>(m=7,9,m>11,n>3),
S={a,a',a’,a’,bb'}.

(25) G= Z3m_1>< Z3n = <a>x<b> (m > 2, n> 1),
S = {a’ a*l’ b, b*l’ ambn, a2m*lb2n}.

(26) G= Z3m+1 X Z3n =<a> x <b> (m, n= 1),
S — {a’ a—]’ b, b_l, amen’ a2m+1bn}.

Q27):G=2Zy % Z,=<a>x<b>(m>5,n>3),
S={a,a',b,b' a’b,a’b '}

(28): G =Zyys1 X Z, = <a> x <b> (m, n > 3),
S={a,a’,a"a™" bbb}

(29): G = Zomi1 % Zypey = <a>*<b>(m, n 2 2),
S = {a’ a*l’ b, b*l’ ambn+l’ am+1bn}'


http://ijiepr.iust.ac.ir/article-1-15-en.html

[ Downloaded from ijiepr.iust.ac.ir on 2024-10-15]

Mehdi Alaeiyan

(30) G = ZZX ZZn+l>< ZZm+1 = <a>><<b>x<c> (m; n= 1),
S = {ab™c""!, ab™"'c", b, b, ¢, c'}.

(31): G = Zy = <a>(m > 2),
S={a,a’ aa*a"a™,(<k<2m,k#m, 2m-1.

(32): G = ZyxZ, = <a>x<b> (m > 3),
S={a,a’,b b’ abl,a'bi}, 1<j< EJ
(When m # 2k for every jorm=2k,j # k).

(33): G =24 X Ly = <a> x <b> (m > 2),
S={a,a’,b,b' a’t,ab’}1<j<m
(foreveryj # I,m-1).

(34): G =Z4 X Zpyy = <a> x <b>(m > 2),
2m-—1

S={a,a',bb,a%,a%7} (1<j< )-

(35): G=274 x Z,,, = <a> x <b> (m > 53),
S={a,a’,b,b,b,bi} (1<j< %),

whenm # 2k, Sorm=2k (k>3,k # 5),j # k-1
orm=10,j # 3.

(36): G =Z,,, = <a>(m>4),
S={aald,a’,a™ a""} 2<j<m-2),
when (m, j)=1or (m,j)=2m#4i+2(i>1).

(37): G=2Z, X Z,=<a>x <b>(m>5,m # 8),
S\={ab,ab ', b,b", b, b7},

S,= {ab,ab ™, b, bl ab ,abd} (2 <j< % ), when

(mj)=p = 2.

(38): G = Z,xZg = <a>x<b>,
Sl: {ab, ab79 ba b79 bzﬂ b6}n
S, = {ab, ab’, b, b’, ab®, ab®}.

39):G=Z,=<a>(m>9,m # 14),
S={a,alaa’a,al}j#3,2<j< %)when

m # 6k, Vjorm=06k,j #3k—1.
(40) G=Zl4=<a>,_ )
S={a,a',a’a’ a,alforj=2,4,6.

41):G=Z,=<a>(m>7),
S={a,a’,a¥,a¥ 4 al),2<j< % 3 = 0,1,

m—1,j,m—j, % (modm)),whenm # 7, 14, 6k

k>2)andm=7;j=20orm=14;j=2,3,4,6 orm=
6k;j = 3k—1.

(42):G=Zy,=<a>(m>8m # 14),
S={aa',a®, a? a, ad} (ifm=2kthen2<j<

%-3 and if m = 2k +1 then 2 < j S%—l). When m #
3k for every j and when m =3k, forkodd ;j # k-1
and forkeven;j # k—1, 3%-3.

(43) G=Zl4=.<a>,' ) )
S={a,a’,a® a?7,a,a"} forj=2, 4.

(44): G =27, x Zy X Zppy = <a> x <b> x <¢> (m > 3),
S={a, ab’c™, b,b "', c,c'}.

Now we are in a position to prove Theorem 1.1.
Immediately from Lemma 2.3, [5, Theorem 1.1] and
[6, Theorem 1.2], we have the Cases (1)-(32) of
Theorem 1.1. Assume that I is not normal. In view of
Proposition 2.2, we have the following assumption:
3s, t, u, ve S such that st = ub # 1 but {s, t} # {u,
vi. ().

We divide S into four cases:

Case1l: S={a, b, c,d, e, f}, where a, b, c, d, e, fare
involutions. In this case G is an elementary abelian 2-
group and a, b, c, d, e, f are not independent by the

assumption (*). Consequently G = ZZ orG= Zz or G

= Zz G = Z; = <a>x<b>x<c> by the assumption

(*) we can let S = {a, b, ¢, ab, ac, abc}. We have ¢ =
(a, abc) € Ay, but 6 € Aut(G, S); and by Proposition
2.1 , T = Cay(G, S) is not normal , the Case (33) of

Theorem 1.1. If G = Zi = <a> x <b> x <¢> x <d> by

the assumption (*) we see that S is one of the following
cases:

(i) S;= {a, b, c, d, abc, abd}, (ii) S,= {a, b, c, d, ab,
abc},

(iii) S;= {a, b, ¢, d, abc, abc}.

When S=S,,0=(a,b) € A, butc & Aut(G, S); by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(34) of Theorem 1.1. When S = S,, we have the Case
(22) of the main theorem. Also when S = S;, T is

normal by Lemma 3.3. If G = ZZ = <a> x <b> x <¢>

x <d> x <e> we can let S = {a, b, ¢, d, e, abc} and
hence I = Cay (G, S) is non-normal, the Case (1) of
Theorem 1.1.

Case 2. S={a, b, c d,e, efl}, where a, b, ¢, d are
involutions but e is not. In this case, S*- 1 = {ab, ac, ad,
ae, ae |, be, bd, be, be!, cd, ce, ce!, de, de”!, ¢, efz}.
By the assumption (*) d = abc, o(e) = 4 or d = ¢’.

Suppose d = abc. Then G = Zz X Zom »,(m> 2) or
G= 7. X Zy, (m=3).

IfG = Zz X Zym = <a>x<b>x<c>, (m> 2), we can let
S={a,b,ac™, bc™ ¢c,c '} or

S={a,b,c" abc™ c,c .

When S = {a, b, ac™, bc™, ¢, ¢ '},

o = (ab, abc™)(abe, abc™")...(abc™ !, abc®™ ") € A,,
but o ¢ Aut(G, S); by Proposition 2.1, I' = Cay(G, S)
is not normal, the Case (35) of the main theorem.
When S = {a, b, ¢, abc™, ¢, ¢ '}, I' = Cay(G, S) is
normal by Lemma 3.3(3). If G = Z. x Z,, = <a> X <b>

x <¢> x <d>, (m> 3), S = {a, b, c, abc, d, d_l}, the
Case (2) of Theorem 1.1. Suppose o(e¢) = 4. Then G =
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Z) X7y Z, xZyor Z, x L If G = Z. X Zy= <a> X

<b> x <c>, we have S is one of the following cases:
S,={a, b, ab, ac’, c, c'l}, S,={a, b, ae’, bc?, ¢, cfl},
S;= {a, b, ac’, abc’, ¢, ¢'}.

S,= {a, b, ab, A e, c'l},

Ss= {a, b, ac’, A c, c'l},

S¢= {a, b, abc?, &% ¢, c'l}.

When S = S, o = (ac?, ¢)(ac, ¢?)(bc, abc?)(abe, be?) €
Ay, but o € Aut(G, S); by Proposition 2.1, I' = Cay(G,
S) is not normal, the Case (36 — S;) of Theorem 1.1 .
When S = S,, by Proposition 2.1, I' = Cay (G, S) is not
normal, the Case (35, m = 2) of Theorem 1.1. When S
=83, 6 =(a, c)(ab, bc)(cz, ac3)(bc3, abc3) €A,buto ¢
Aut(G, S); by Proposition 2.4, I' = Cay(G, S) is not
normal the Case (36 — S,) of Theorem 1.1. When S =
S,4, we have the Case (3) of Theorem 1.1. When S = S;,
we have the Case (23) of Theorem 1.1. When S =Sg, T’

is normal by Lemma 3.3 (3, m=2) .If G = Z, x Z,=

<a> x <b> x <¢> x <d>, we have S = {a, b, ¢, d, d’,
u}, where u = d?, ab, ad?, abc, abd® or abed®. When u =
d’, we have the Case (5— S) of Theorem 1.1. When u
= ab, we have the Case (5 — S,) of Theorem 1.1. When
u = ad’, we have the Case (5 — S;) of Theorem 1.1.
When u = abc, we have the Case (2) of Theorem 1.1.
When u = abd?, we have the Case (24) of Theorem 1.1.
When u = abed’, o = (abed’, d)(bed’, ad)(acd?,
bd)(abd?, cd) (abed, d*)(cd®, abd)(bd”, acd) and (bed,
ad?) € A,, but o ¢ Aut(G, S); by Proposition 2.1, T' =
Cay(G, S) is not normal, the Case (37) of Theorem 1.1.

IfG = Z‘z‘ = <a>x<b>x<c>x<d>x<e¢>, S = {a, b, c, d,
e, ¢ '}, we have the Case (4) of Theorem 1.1. Now
suppose d = ¢*. Then G = Zi x Zgor G = Zz x Zs If G

2 .
= Z, xZg= <a> x <b> x <c>, we see that S is one of

the following cases: S;= {a, b, ab, e, c'l}, S,= {a, b,
ac’, ¢, c, c_l}, S;={a, b, abc®, ¢, ¢, c'l}.

When S = S;, we have the Case (6) of Theorem 1.1.
For S, and S3, we have the Cases (2) and (3, m = 3) of

Lemma 3.3 respectively. If G = ZZ X Z¢ =

<a>x<b>x<c>x<d>, then S = {a, b, ¢, d°, d, d"'}, the
Case (7) of Theorem 1.1.

Case 3: S = {a, b, c, ¢!, d, d_l}, where a, b are
involutions but ¢, d are not. By the assumption (*) and
the symmetry of c, ¢!, d and d”!, we have five sub
cases I a=¢c’, () a=c’d, () o(c) =4, IV )’ =d
and (V) ¢ = d°. Suppose a = ¢, then G is isomorphic
to one of the following: Z,X Zgy, (m> 2), Zox Z¢, Z¢*

Zom (M>2), Zo % Zagy (0> 1), Zo% ZeX Zpy (M2 3). If

7% Zem = <a>x<b>, (m> 2), we see that S is one of the
following cases:

Si={a, b™ ab®™, ab™, b, b '}, S,= {a, ab>™, ab™, ab’",
b,b "}, S={a, b, b", b™ b, b '}. When S =S, 6 =
(a, ab™  ab™)ab, ab™',  ab™")..(ab™",
ab™'ab™ " e A, but o € Aut(G, S); by
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Proposition 2.1, I = Cay(G, S) is not normal, the Case
(38) of the main theorem. For the Cases S=S, and S =
S;, we have the Cases (4) and (5) of Lemma 3.3. If G
= 7Z,X Zs= <a> x <b>, we see that S is one of the
following cases:

S, ={a,b’,ab’ ab* b,b '}, S,= {a, b, b, b, b’ b*},
S;={a,b’,b,b "', ab,ab '}.

When S =S, 6 =(a, ab’, ab4)(ab, ab’, ab5) €A, buto
& Aut(G, S); by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (43 — Ss) of Theorem 1.1. When S =
S,, we have the Case (29, m=3) of Theorem 1.1. When
S =8, 0= (b, ab’)(b’, ab’) €A, but 6 & Aut(G, S);
by Proposition 2.1, I'= Cay(G, S) is not normal, the
Case (43 — S)) of Theorem 1.1. If G = Zgx Z,,, = <a> X
<b>, we see that S is one of the following cases:

Si={a’,b™ a,a’',b, b}, S={a’, a’b™, a,a', b, b '}.
When S =, by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (8) of Theorem 1.1.

For S = S,, when m = 2, ¢ = (b’, a’b)(ab’, a’b)(a’d?,
a’b)(a’b’, b) (a'b?, ab)(a’b? a’b) € A, butc ¢ Aut(G,
S); I' = Cay(G, S) is not normal, the Case (40, m=3) of
Theorem 1.1, and when m> 3, I = Cay(G, S) is normal

by Lemma 3.3(6). If G = Zz X Zsm =<a>x<b>x<c>

(m> 1), S = {a, b, ac™, ac™, ¢, ¢ 1}. Then we obtain
the Case (25) of Theorem 1.1. If G = Zyx Zg X Z, =
<a>x<b>x<c> (m>3), S= {b’, a,b, b, ¢, ¢'}. Then
we obtain the Case (9) of Theorem 1.1. Suppose a =
c¢’d. Then we have one of the following cases:

(1): G =Zyx Zpyy = <a> x <b> (m= 3),

S={a,b™ b, b, ab*, ab’}.

(2): G=Zyx Zyy = <a> x <b>,
S;={ab™ a, b, b "', ab™ % ab™"?} (m>3),
SZ= {bm7 a7 b) b717 b1n727 bm+2}7 mZ 45

(3): G = ZyX Zymyr = <a> x <b>,
S;={a,b,b ", b®™" ab™, ab™"?} (m> 1),
SZZ {a’ b, b*l’ b2m+1’ bm’ b3m+2}, m> 2

S3: {a’ b, bfl’ b2m+]’ b3m+]’ bm+l} (l,n2 1)’
S4: {a’ b2m+]’ ab3m+l’ abmH’ b, bfl}’ m> 1’

(4): G =Z4 X Zymiy = <a> x <b>,
Slz {a2b2m+1’ b2m+1, abm’ a3b3m+2’ b, bil}, m> 1
Szz {a2b2m+l’ aZ’ abm’ a3b3m+2’ b, bfl}’ m> 1.

%):G= Zz XZm = <a> x <b> x <¢> (m> 3),
S={a,b,c, ¢ lac? acz}.

(6) G= ZZ><Z4><Z4m+2 = <a>x<b>x<c> (mZ 1),
S={a, b’c™", bc", b 'c™ ¢, c'}.

(7:G= Z; X Zymez = <a> X <b> x <¢> (m> 1),
S={a, ™" bc™ bec™ ¢, ¢

In the Case (1), when m = 3, o = (b, b*) € A, but o
¢ Aut(G, S); by Proposition 2.1, I' = Cay(G, S) is not
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normal, the Case (43— Ss, m = 3) of Theorem 1.1.
When m> 4, T is normal by Lemma 3.3(7— S)).

In the Case (2), S = S; when m = 3, 6 = (b, ab®)(b’,
ab’) € A, but o ¢ Aut(G, S); by Proposition 2.1, T =
Cay(G, S) is not normal, the Case (43— S,) of Theorem
1.1.

When m = 4, 6 = (b, b")(b%, b)(b*, b’) €A, but 6 &
Aut(G, S); by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case 39 (m = 2) of Theorem 1.1. When m>
5, T = Cay(G, S) is normal by Lemma 3.3 (7— S,). In
the Case (2), S = S,, when m = 5, we have the Case
(26) of Theorem 1.1. When m> 6, T is normal by
Lemma 3.3 (7— S;).

In the Case (3), S = S;, when m = 1, we have the Case
(43 — Sy) of Theorem 1.1. When m> 2, T is normal by
Lemma 3.3 (8 — S;). In the Case (3), S = S,, I is
normal by Lemma 3.3 (8 — S;). In the Case (3), S =S;,
when m = 1, 2, we have the Cases (29,m = 3, 5) of
Theorem 1.1 respectively. When m> 3, I’ is normal by
Lemma 3.3(8 — S,). In the Case (3), S = S,;, when m=
1, o = (ab, ab’) € A, but ¢ € Aut(G, S); by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(29,m = 3) of Theorem 1.1. When m> 2, I" = Cay (G,
S) is normal by Lemma 3.3(8 — S;). In the Case (4), I’
= Cay (G, S) is normal by Lemma 3.3(9). In the Case
(5), when m = 3, 6, by Proposition 2.1, I is not normal,
the Case (25, m = 1, 2) of Theorem 1.1. Otherwise I is
normal by Lemma 3.3(10). In the Case (6), I" is normal
by Lemma 3.3(16). In the Case (7), when m = 1, by
Proposition 2.1, I' is not normal, the Case 27 (m = 1) of
Theorem 1.1. When m> 2, T is normal by Lemma 3.3
(17). Suppose o(c) = 4. Then we have one of the
following cases:

) G = Zyx 7, = <a> x <b>, S;= {a, b’, b, b, ab,
ab '},

(I1) G = Z, X Zyn = <a> x <b>, S;= {a, b°™, ab™, ab’™,
b, b}, (m>2), S,={a, ab’™, ab™, ab’™, b, b}, (m> 1),
S;= {a, b™™, b™, b, b, b}, (m>2),

S,= {a, ab™, b™, b, b, b}, (m>2).

() G = Z4 x Zyy, = <a> x <b> (m>2),
Slz {azs bm9 a, ails bs bil}a SZZ
{a®,a’b™ a,a ',b,b 1}, S;={a’d",b", a,a ', b, b '}.

Iv): G= Zi X7 4= <a>x<b>x<c>,
Si={a,b,c, ¢! ac, acfl}, S,={a,b,c, ¢!, abe, abc"}.
V):G= Zz X Zam = <a> x <b> x <¢> (m> 2),

-1 -

f131= {a, b, abc™, ab303m, c, (]: 3, S={a, b, ac™, ac®™, ¢, ¢
— m m -

}, S;={a,b,c", ¢, c,c .

(VD): G =7Z,X Zy X Zyy = <a> x <b> x <¢> (m=> 3),
SII {a9 bzs b9 b715 c, C-l}a
S, = {a, ab>, b,b ! c, c"l}.

(VID): G = ZyxZyX Zyy = <a>x<b>x<c> (m> 2),
Si=1{a,c™bb' cc'},S,={aac" bb’,cc'},
S;= {a, bc™, b, b"', ¢, ¢}, S4= {a, abc™, b, b ', c,

ch.

(VIII): G = Zz X Zam = <a> X <b> x <¢> (m> 1),

2 -1
S\= {a, ¢™ bc™ bec™, ¢, ¢},
2 1
S, = {a, ac™, bc™, be’™, ¢, ¢'}.

(IX): G= Zj X Z4 X =<a>x <b> x <¢> x <d> (m>3),
S={ab,cc’ dd".

(X): G = ZZ X Zam = <a> X <b> x <¢> x <d> (m> 1),
S={a,b,cd", cd™, d,d"}.

In the Case (I), o = (ab, b’) € A, but 6 € Aut(G, S);
by Proposition 2.1, I' = Cay(G, S) is not normal, the
Case (43 — S)) of Theorem 1.1. In the Case (II), S=S;,
I' = Cay(G, S) is normal by Lemma 3.3(11 — S;). In the
Case (I), S = S5, 6 = (b, b )(b%, b?)...(b™™ ", b™)(a,
ab™)...(ab>™™""', ab ™) e A, but o ¢ Aut(G, S); by
Proposition 2.1, I = Cay(G, S) is not normal , the Case
(39) of Theorem 1.1. In the Case (II), S =S;, and S =
S,, T is normal by Lemma 3.3, the Case (11 — S,, S;).
In the Case (III), when S = S;, we have the Case (10)
of Theorem 1.1. When S = S,, m = 2, 6 = (a’b’, b)(a’b?,
ab)(ab’, a’b)(b’, a’b) € A, but 6 & Aut(G, S), by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(40, m = 2) of Theorem 1.1. When S =S,, m>3, T =
Cay(G, S) is normal by Lemma 3.3(12). When S = S;,
6 = (a’, ab™(a’b, ab™")...(a’b"™", ab™ ™ V) € A, but
o & Aut(G, S), by Proposition 2.1, I' = Cay(G, S) is
not normal , the Case (40) of Theorem 1.1.

In the Case (IV ), when S = S;, 6 = (¢?, ac”)(bc?, abc?)
€ Apbut 6 ¢ Aut(G, S), by Proposition 2.1, I' =
Cay(G, S) is not normal, the Case (44— S,) of Theorem
1.1. When S =S, 6 = (ac’, bc?) € A, but o & Aut(G,
S), by Proposition 2.1, I' = Cay(G, S) is not normal, the
Case (44— S3) of Theorem 1.1. In the Case (V ), S=S;,
when m = 1, with an argument similar to the Case (IV
— S;) we obtain the same result. When m> 2, T is
normal by Lemma 3.3 (13— S;). In the Case (V), S =
S,, when m = 1, with an argument similar to the Case
(IV=S,), we obtain the same result.

When m> 2, T is normal by Lemma 3.3 (13 — S,). In
the Case (V ), S = S;, I is normal by Lemma 3.3(13—
S;). In the Case (VI), we have the Case (11) of
Theorem 1.1. In the Case (VII), S=S;,S=S;and S =
S, (m = 2), we have the Cases (12), (28) and (11 — S,,
m = 4) of Theorem 1.1 respectively. In the Case (VII),
S =38, m> 3, I' is normal by Lemma 3.3(18). In the
Case (VII),S=Sy, form=2, 6 = (b3 , c)(ab3 , ac)(abcz,
ab’c’)(b%, be)(b’c’, ¢?)(b’c, b*c’)(ab’, abc)(ab’c’, ac?)
€ A, but ¢ € Aut(G, S), by Proposition 2.1, T =
Cay(G, S) is not normal, the Case (57) of Theorem 1.1,
and for m> 3, I' is normal by Lemma 3.3(44). In the
Case (VIII), S = S; when m = 1, we have the Case (21,
m = 2) of Theorem 1.1. If m> 2, T is normal by
Lemma 3.3 (13 — Sy). In the Case (VIII), S = S,, 0 =
(ab, abc™)(abc, abc™™)...(abc™ !, abc™ ") € A,, but
o & Aut(G, S); by Proposition 2.1 ,I' = Cay(G, S) is
not normal, the Case (41) of Theorem 1.1. In the Case
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(IX), we have the Case (13) of Theorem 1.1. In the
Case (X), m = 1, we have the Case (14) of Theorem
1.1, and for m> 2, I" = Cay (G, S) is normal by Lemma

3.3(14). Suppose ¢*= d, then G= Z_ % Zsy, (m=> 4) or

G=27. XZyn (M=5,m#6). If G = Z, X Zy, = <a> %
<b> (m> 4), we can let S to be

Si={a, b™ b, b'1,b’, b’} or S= {a, ab™, b, b ', b’,
b_3}. Let S =S,, for m = 4, 5 we have the Cases (29),
(26) of Theoreml.l respectively, and for m> 6, I is
normal by Lemma 3.3(19 — S;). Let S = S,. When m =
4, 6 = (ab’ ab® € A, but 6 & Aut(G, S); by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(43— S4), m = 4) of Theorem 1.1. When m = 5, 6 = (b’,
b’)(ab’, ab”)(b% b®)(ab?, ab®) €A, butc & Aut(G, S),
by Proposition 2.1, I' = Cay(G, S) is not normal, the
Case (42) of Theorem 1.1. When m> 6, I' = Cay (G, S)
is normal by Lemma 3.3(19 — S,). If G =Z§ X Ly =
<a> x <b>x <¢>(m> 5, m6=6),S={a, b, c, ¢!, ¢
¢’}. When m = 5, 10 and m = 8 we have the Cases
(15), and (16) of Theorem 1.1 respectively. When m =
7,9, m> 11, T = Cay (G, S) is normal by Lemma
3.3(15). Suppose ¢* = &%, then G = Z, X Zop, G = Z,

Zom (2 3) G = Z X Zyp 4 (m>2) or G = Z. % Zy,

(m> 3). If G=Z, x Zp,, = <a> x <b> we see that S is
one of the following cases:
1)S;={a,b™ b,b"', ab, ab '}, m>2,

2) S,= {a,ab™ b,b ', ab,ab '}, m>2,
3)S;={a, b, b, b, b™" b™ "}, m>3,
4)S4= {a,ab™ b, b, b™", b™ "}, m>3,
5) Ss={a, b™, b, b, ab™", ab™ '}, m>3,
6) S¢= {a, ab™, b, b, ab™", ab™ '}, m> 3,

7) S7= {ab™, b™, b, b ', ab, ab '}, m>2,
8) Sg = {ab™, b™ b, b ', ab™", ab™ '}, m>2.

In the Case (1), m> 2, when m = 2i, ¢ = (b, ab')(b*,
ab®) € A, buto & Aut(G, S) and when m=2i+ 1, o=
(b, ab™) (¥, ab®?) € A, but 6 ¢ Aut(G, S); by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(43 — S;) of Theorem 1.1. In the Case (2), similarly
Case (1), I' = Cay(G, S) is not normal, the Case (43—
S,) of Theorem 1.1. In the Case (3), we have the Case
(29) of Theorem 1.1. In the Case (4), when m = 2i, 6 =
(ab', ab”) € A}, but 6 € Aut(G, S) and when m = 2i +
1, o = (ab'"', ab’*?) € A,, but 6 & Aut(G, S), by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(43 — S,) of Theorem 1.1. In the Case (5), when m =
2i,0 = (b”, ab') € A}, butc & Aut(G, S) and when m =
2i+1, 6 = (b, ab®™?) € A ,but 6 € Aut(G, S), by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(43— Ss) of Theorem 1.1. In the Case (6), when m = 2i,
o = (b, ab’)(b*, ab’) € A ,but 6 & Aut(G, S) and
when m = 2i + 1, o = (b, ab®*?)(b*"?, ab'™") € A,
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but c € Aut(G, S). Hence by Proposition 2.1, I' = Cay
(G, S) is not normal, the Case (43 — S4) of Theorem
1.1.

In the Case (7), form = 2i and m = 2i + 1, o = (b'",
ab™") € A}, buto & Aut(G, S), by Proposition 2.1, T =
Cay (G, S) is not normal, the Case (43 — S;) of
Theorem 1.1. In the Case (8), for m = 2i and m = 2i —
1, 6 = (b, ab™)(b™", ab') €Ay, but 6 & Aut(G, S),
by Proposition 2.1, I' = Cay(G, S) is not normal, the

Case (43 — S;) of Theorem 1.1. If G = Zj X Zom = <a>

x <b> x <c>, we can let S to be one of the following
cases:

(1): S;={a, b, c, ¢, ac, ac'l}, m>2,

(2): S;={a, b, c,c’, abc, abc'}, m>2,
(3):S:={a,b,c,c’, ™", ™}, m>3,

(4): S={a, b, c,c’, ac™", ac™ '}, m>2,

(5): Ss= {a, b, ¢, ¢, abc™", abc™ '}, m>2,

(6): S¢= {a, cm, c, ¢! be, b c'l}, m>2,

(7): S7={a, ac™, ¢, ¢’, be, be '}, m>2,

(8): Ss={a, c™, ¢, ¢, bc™", bc™ 'Y, m> 2,

(9): So= {a, ac™, ¢, ¢, bc™", be™ '}, m> 2.

In the Case (1), T is not normal, the Case (30) of
Theorem 1.1. In the Case (2),6 = (ac™ ', bc™ ") € A,,
butc & Aut(G, S), by Proposition 2.1 , '=Cay(G, S) is
not normal, the Case (44 — S) of Theorem 1.1. In the
Case (3), when m = 2i, I' = Cay (G, S) is not normal,
the Case (16) of Theorem 1.1.

When m = 2i+1, I =Cay (G, S) is not normal, we have
the Case 14 ( with m odd ) of Theorem 1.1. In the Case
(4), when m = 2i, i >2, ¢ = (¢, ac*)(ac', c¢*)(bc!,
abc’)(abc’, be*) € Ay, but o € Aut(G, S), and when m
:2i+1, o= (CM, ac3i+2)(aci+l’ C3i+2)(bci+1, abc3i+2)(abci+1’
bc®™?) € Ay, but 6 & Aut(G, S), by Proposition 2.1, T
= Cay(G, S) is not normal, the Case (44 — S,) of
Theorem 1.1. In the Case (5), when m = 2i, 1 >2, ¢ =
(c*, abc)(ac®, be')(be, ac’)(abe®, ¢') € Ay, but 6 &
Aut(G, S) and when m = 2i + 1, o = (¢*% abc'™)
(ac3i+2, bci+1)(bc3i+2’ aci+1) (abc3i+2, ci+1) € A.buto &
Aut(G, S); by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (44 — S;) of Theorem 1.1. In the Case
(6), m> 2, I is not normal, we have the Case (27) of
Theorem 1.1. In the Case (7), if m> 3, for m = 2i and m
=2i — 1, o = (ci, bei)(aci, abci)(citm, bei+m) (aci+m,
abcitm) € A, but 6 ¢ Aut(G, S), and if m =2, 6 =
(b, bc?)(ab, abc?) € Ay, but 6 € Aut(G, S). Then by
Proposition 2.1, I' = Cay (G, S) is not normal , the Case
(44 — S4) of Theorem 1.1. In the Case (8), for m = 2i
and m = 2i-1, 6 = (¢!, b ™)(ac’, abc"™)(c"™, be')(ac'™,
abc)e Ay, but o & Aut(G, S), by Proposition 2.1, I =
Cay(G, S) is not normal, the Case (44 — Ss) of
Theorem 1.1. In the Case (9), similarly Case (8), I' =
Cay(G, S) is not normal . We have the Case (44 — S¢)
of Theorem 1.1.

G = Z, X Zop1 = <a> x <b> x <c>, (m> 2), then S is
Si={a,b,c, ¢!, ac, ac'l} or S,= {a, b, c, ¢!, abe,
abc'l}. When S =S, 0 = (cm, acm)(bcm, abcm) € A,
but o ¢ Aut(G, S), by Proposition 2.1, I' = Cay(G, S)
is not normal , the Case (44— S;) of the main theorem .
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When S=S,, 6 = (ac™ ', bc™ ') €A, but 6 & Aut(G,
S), by Proposition 2.1, I = Cay(G, S) is not normal, the

Case (44— S;) of Theorem 1.1. If G = Z. X Z,=

<a>x<p>x<¢>%x<d>, we can consider m> 3, S = {a, b,
d,d’, cd, cdf'}._In this case for m = 2i and m = 2i—1,
(i>2) o = (d, cd)(ad', acd")(bd'bed’)(abd’, abed) € A,
but ¢ ¢ Aut(G, S) and by Proposition 2.1, I' = Cay(G,
S) is not normal the Case (14) of Theorem 1.1.

Case4:S={a,a,b, bl ¢, c'l}, where the elements
of the set S are not involution By the assumption (*),
o(a) =4, a> = b, a® = b or ¢ = a’b. Suppose o(a) = 4,
then G is isomorphic to one of the following: Z4;, (m>
2)’ Z4 X Zm’ Z4m X Zn (mZ 27 1’123), Z4m X Z4n (1’1’12 1;
n>1), Zy X Zin X Zy (m, n23). If G = Zyy, = <a> (m> 2),
wecanletS={a™ a™ a,a ', a,a’}, where | <j <2m,
j#m. Whenj=2m-—-1,c=(a",a™) € A,butc ¢
Aut(G, S), by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (45) of Theorem 1.1. When j # 2m —
1, I' = Cay (G, S) is normal by Lemma 3.3(31). If G =
Z4 X Zn, = <a> x <b>, we can let S to be one of the
following cases:

(1):S={a,a>,b,b ", ab’, a’b 7}, m>3, 1 <j<[m/2],

(2): S={a,a’,b,b"', a’b’, a’b 7},
m>2,1<j<(m/2),

(3):S;={a,a’,b,b, b, bI}, m>5, 1 <j<(m/2).

When S = S, for m = 2j, o = (a’, a’b)(a’d,
a’b™)..(a!, a®¥ ") € A, butc ¢ Aut(G, S), by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(49) of the main theorem. Otherwise, I' is normal by
Lemma 3.3(32). When S=S,,j=1form=2k and m =
2k—1,k>2, 0= (ab", a’d") €A, but 6 & Aut(G, S),
and when j = k — I,m = 2k (k > 3), 6 = (b,
a’b (@b, a’b ")(@’*", b )@3b""', ab') € A, but
o & Aut(G, S), then these graphs are non-normal and
we have the Cases (49, 50 ) of Theorem 1.1.
Otherwise, I' = Cay (G, S) is normal by Lemma 3.3
(33, 34). When S =S;, forj =k — 1, m = 2k, if k is odd
we have the Case (17) of Theorem 1.1 and if k is even
we have the Case 19 (m = 4) of the main theorem. For
m=>5;j=2and m=10;j =3 we have the Case 21(m =
4) of the main theorem.

Otherwise, I' = Cay(G, S) is normal by Lemma 3.3
(35). If G = Zyy X Z, = <a> x <b> (m> 2, n>3), S =
{a™, a™ a,a',b,b '}, then I' = Cay (G, S) is normal
by Lemma 3.3(20). If G = Zyy, X Zyy = <a> x <b> (m>
I,n>1), S={a™", a™ " a,a’, b b'}, then T =
Cay(G, S) is normal by Lemma 3.3(21).If G = Z4x Z,,
X Z, = <a>x<b>x<c> (m, n>3), we can consider S =
{a, a’, b, b c, c"}. In this case, for m = 4, I' = Cay
(G, S) is not normal, the Case (18) of Theorem 1.1, and
for m, n # 4, I' = Cay(G, S) is normal by Lemma
3.3(22). Suppose a’ = b’. Then G is isomorphic to one
of the following: Zyn, Zyx Zy, (M= 5), Zow * Zone1, Zom
X Zon (>3, 0n>2),7Z, xZ,(m>3,n>3). IfG=27Z,,=
<a>, wecanlet Stobe S;= {a',a’,a™  a™,a,a'},

2<j<m/2, m>5,0rS,={a,a ', a™", a™", d, al}, 2<
j<m-—2,m>4. When S =S, T = Cay(G, S) is normal
by Lemma 3.3(23). When S = S,, (m, j) =2, for m = 4i
+2,j=2i(with i odd) and j = 2i + 2 (with i even), ¢
:(32, aZ+m/2 )(36, a6+m/2 )-..(a2m72, am/2 72) EA], but o E
Aut (G, S), and when (m, j) = 1 >2, then ¢ = (a%,
a™ @, a™?). (@™, a¥) €Ay, but 6 & Aut (G,
S), then by Proposition 2.1 these graphs are non-
normal, and we have the Case (46) of the main
theorem. Otherwise, I' = Cay(G, S) is normal by
Lemma 3.3 (36). If G = Z, X Z;, = <a> x <b>m=> 5, we
canlet Stobe S;= {b,b"',ab,ab”", b/, b7},
2>j>mR2orS,={b, b’ ab,ab’, ab’, ab¥},2>j>
m/2. Let S=S,. When (m, j))=p>2;m=(t+ 1)p,c=
(b, ab)(b "', ab®™)...(bt*"!, abt*"!) € A,, but o & Aut
(G, S), by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (47— S;) of the main theorem.
Whenm =8, j=3,0=(b’,b@ab,ab’ )ab’,ab’) e
Aj,buto ¢ Aut (G, S), by Proposition 2.1, I' = Cay(G,
S) is not normal, the Case (48— S;) of Theorem 1.1.
Otherwise, I' = Cay(G, S) is normal by Lemma 3.3(37,
38— S)). Let S=S,. When (m, j))=p>2; m=(t+ 1l)p,
o = (b, ab)(b*", ab?™")...(b"", ab™") € A}, but o &
Aut(G, S), by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (47 — S,) of Theorem 1.1. When m =
8,j=3,0=(b", bYD, b’ )b, b") € A, but 6 &
Aut(G, S), by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case(48—S,) of main theorem. Otherwise,
I' = Cay(G, S) is normal by Lemma 3.3(37, 38 — S,). If
G =Zyy X Z, = <a> x <b>, we can let S to be one of
the following cases:

(1):S={a,a’,a™", a™" b, b}, m>3,

(2): S, ={b,b",a"™,a"™b", a,a"}, m>2,

(3): S5= {b, b, a™'b, a™'b, 2,2}, n=21,1>2.

Let S =S, When m = 2i, I' = Cay(G, S) is not normal ,
the Case (19) of Theorem 1.1. Whenm =2i+ 1, 0 =
(am—l’ a2m—1)( am—lb’ aZm—l b)( am—lbn—l, a2m-1bn—1) c Al:
but o ¢ Aut(G, S), by Proposition 2.4, I' = Cay(G, S)
is not normal, the Case 20 (with m odd) of Theorem
1.1. Let S=S,. Whenn=2j,2j — 1 (j > 2), c=(V,
a"™b)( ab), a™'b)...( a™'V, a®™'b) € A, but 6 &
Aut(G, S), by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (49) of Theorem 1.1. When S = S;,
o= (am-l, a—lbl)( a™'b, 2’ le)...( a™ 12 a-lbl-l) c
A, but o € Aut(G, S), by Proposition 2.1, I' = Cay(G,
S) is not normal, the Case (50) of Theorem 1.1. If G
=7y X Ly X Ly =<a> x <b> x <¢>, m> 3, n>3, S = {b,
b, ab, ab”, c, c']}, we have the Case (20) of the main
theorem. Suppose a’ = b, then we have one of the
following cases :

(1): G=Z,=<a> m>7, S;= {a, al,al, ad d, a'j},
(G#3,2 5 < m/2),
Sz={aj,a'j,a3j,a'3j,a,a'1},(2§ j< m/2,3j#0,
I,m—1,j, m—j,m/?2( mod m)).

2):G=Z,*xZ,=<a>x<b> (n=3,m>5,m # 6),
S={a,a',a’,a>,b,b'}.

(3): G = Z3.1%Zs, = <a>x<b>, (m> 2,n>1),
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2m-11.2 -1 -1
S={a"™", a®™'b™ a’ a,a’,b,b"}.

4): G = Zym*Zzy = <a> x <b>, (m, n21), S =
{a”™™'b" a™™, a,a”, b, b'}.

In the Case (1), when m = 6k, j=3k—1,k>2,6 =(a,
M@, 2.2, a%?) € A, buto & Aut(G, S),
by Proposition 2.1, I' = Cay(G, S) is not normal, the
Case (51) of Theorem 1.1. In this case for S;, when m=
7,j=2,06=(a a)) € A, but 6 & Aut(G, S), by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(52) of Theorem 1.1. When m = 8, j = 2, ¢ = (a, a°%)
€ A, but 6 ¢ Aut(G, S), by Proposition 2.1, ' =
Cay(G, S) is not normal, the Case (45) of the main
theorem.

When m = 14;j =5, 6 = (a’, a'?)(a’, a’) € A, buto &
Aut(G, S), by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (52) of Theorem 1.1. Also for S,,
whenm=7;j=3,0=(a’,a*) € A, butc & Aut(G,
S), by Proposition 2.1, I' = Cay (G, S) is not normal,
the Case (52) of Theorem 1.1. When m = 14; j=3,6 =
@@, a')( a’, a’) € A, but 6 & Aut(G, S), by
Proposition 2.1, I' = Cay(G, S) is not normal, the Case
(52) of Theorem 1.1. Otherwise, I' = Cay (G, S) is
normal by Lemma 3.3(39, 40, 41). In the Case (2),
when m =5, 10 and 8 we have the Cases (21) and (19,
m = 2) of Theorem 1.1 respectively. Otherwise, I =
Cay(G, S) is normal by Lemma 3.3 (24). In the Cases
(3) and (4), I' = Cay (G, S) is normal by Lemma 3.3
(25, 26). Suppose ¢ = a’b. Then we have one of the
following cases:

(1):G=Z,=<a>m>7),S = {a, al,a, al,a®, a”
I}, ifm=2k, 2 <j<(m/2) — 3 and if m =2k + 1,
2<j<(mw/2)—-1.

2):G=2Z,=<a>(m>7), Sl={aj, al,a al, a¥ ¥
1

}9
2<j<m-2,j#m2and2j+1#m/2,0,1,m—1,j, m
—j (mod m)

3): G=2Z, xZ,=<a>x <b>(m, n>3),
S={a,a’,b, b’ a’b,a’b"}.

4): G =Zyp 41 X Z,=<a>x <b>(m>2, n>3),
S={a™ a™" a,a’, b, b}

(5): G=Zoym+1 % Zypey = <a>x <b>(m, n=1),
S={a™"" a™b" a,a’,bb’}.

(6): G = ZyX Zomr1 X Ly = <a>x<b>x<c> (m, n=1),

S = {ab™ """, ab™"'c", b, b, ¢, c'}.

In the Case (1), if m =3k, k>3,j=k -1, 0 = (a", a®)
€ Ay, but ¢ ¢ Aut(G, S), by Proposition 2.1, T' =
Cay(G, S) is not normal, the Case (53) of Theorem 1.1.
If m=6k, k>3,j=3k—3,0=(a,a™ ")’ a™™)..(a"
2 a%?%) € Ay, but 6 € Aut(G, S), by Proposition 2.1,
I'= Cay(G, S) is not normal, the Case (51 — S,, m> 3)
of Theorem 1.1. f m=7;j=2,0 = (@, a*) € A}, but
o & Aut(G, S), and if m = 14, j = 2, o = (a’, a') (a°,
ag) € Ay, but o & Aut(G, S), by Proposition 2.1, T’ =
Cay(G, S) is not normal, the Case (52) of the main
theorem.

Normal 6-valent Cayley graphs of abelian groups

Otherwise, I' = Cay (G, S) is normal by Lemma 3.3(42,
43). In the Case (2), if m=7,j=4,c=(a’, a’) € A,
butc ¢ Aut(G, S), and if m= 14, j = 5,6 = (a’, a'?)( a°,
a’) € A, but 6 € Aut(G, S), by Proposition 2.1, T’ =
Cay(G, S) is not normal, the Case (52) of Theorem 1.1.
Ifm=3k j=k-1,k>3,0=(a"a™) € A,butc ¢
Aut(G, S), by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (53) of Theorem 1.1. If m = 4, j > 2,
6 =(a,a’) € A, but & Aut(G, S), by Proposition
2.1, I' = Cay(G, S) is not normal, the Case (45) of
Theorem 1.1. If m = 6k, j = 3k+1, k>3, 6 = (a, a°*"")(
a', a™).. (2™ a™?) € A, but o ¢ Aut(G, S), by
Proposition 2.1, I'= Cay(G, S) is not normal, the Case
(51-Sy) of Theorem 1.1. If m =8k + 4, k> 1, for k =2i
—1,j=4i-2,i> 1,0 =(a%, a"")(a° a'"")...(a™?, a'*"
) € Ay, but 6 € Aut(G, S), by Proposition 2.1, I' =
Cay(G, S) is not normal, the Case (54) of Theorem 1.1,
and for k= 2i, j = 12i + 2, i >1, ¢ =(a%, a"")( a°,
a7y ..( 2™, a"') € A, but 6 ¢ Aut(G, S), by
Proposition 2.1, '=Cay(G, S) is not normal, the Case
(55) of Theorem 1.1. In the Case (3), if m=n=3,0=
(ab, a’%) € A,, but 6 € Aut(G, S), by Proposition
2.1, T = Cay(G, S) is not normal, the Case (56) of the
main theorem. If m = 4, ¢ = (ab’, a’b?) € A,, buto &
Aut(G, S), by Proposition 2.1, I' = Cay(G, S) is not
normal, the Case (50) of Theorem 1.1. Otherwise, I' =
Cay(G, S) is normal by Lemma 3.3(27) .

In the Case (4), if m = 2, we have the Case (21) of
Theorem 1.1. if m> 3, T’ = Cay(G, S) is normal by
Lemma 3.3(28). In the Case (5), if m =n = 1,6 = (ab,
a’b’)€ A,, but € Aut(G, S), by Proposition 2.1, T’ =
Cay(G, S) is not normal, the Case (56) of Theorem
1.1. Otherwise, I' = Cay(G, S) is normal by Lemma
3.3(29). In the Case (6), I' = Cay(G,S) is normal by
Lemma 3.3(30).

4. Conclusion
Let I' = Cay (G, S) be a connected Cayley graph of a
abelian group G on S. In this paper we have shown all
non-normal Cayley graph I' with valency 6.
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