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The Lie Algebra of Smooth Sections of a T-bundle 
 
 

M. Nadjafikhah   and   H. R. Salimi Moghaddam 
 
 

Abstract: In this article, we generalize the concept of the Lie algebra of vector fields 
to the set of smooth sections of a T-bundle which is by definition a canonical 
generalization of the concept of a tangent bundle. We define a Lie bracket 
multiplication on this set so that it becomes a Lie algebra. In the particular case of 
tangent bundles this Lie algebra coincides with the Lie algebra of vector fields. 
 

         Keywords: Vector bundle, Lie theory 
 
 
         1. Introduction1 
We know that if M is a smooth manifold, then χ(M), the 
set of all smooth vector fields on M (or, the set of all 
smooth sections of χ(M) forms a Lie  algebra. (See for 
example [2]). In this paper first we define the concept of 
a T-bundle, which is a generalization of tangent bundle. 
Then, we define a Lie algebra structure on the set of all 
smooth sections of a T-bundle such that in the particular 
case of tangent bundle, it coincides with the Lie algebra 
of vector field. We are able to generalize many of 
definitions and theorems about vector fields to the set  
of smooth sections of  T-bundles.  
 
 
           2. T-bundle 
2.1. Definition 
Let E and M be smooth manifolds with dimensions n +k 
and n respectively, such that .k b n=  for some 

Nb .∈ . Also suppose that p:E→M is a smooth map. 
By a T-chart on ( , , )E p M  we mean an ordered pair 
( , )U ψ where U  is the domain of a chart ( , )U u in 
M and ψ   is a fiber respecting diffeomorphism as in 
the following diagram, 
 

          ψ    
kU R×                           1| : ( )E U p U−=  

 
 

        p                                 1pr   
 

    U  
 
where 1pr is the projection on the first component. Two  
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T-chart ( , )U α αψ and ( , )U β βψ  are called TM- 
 

compatible  
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Where ( ) [ ( )]
i

j

uJ x x
u

α
αβ

β

∂
=

∂
. The mapping αβψ is 

called the transition function between the two T-charts. 
 
2.2. Definition 
A T-atlas ( , )A U α αψ= for ( , , )E p M is a set of  

pair-wise TM-compatible T-charts ( , )U α αψ  such 

that ( ) IU α α∈ is an open cover of M . Two T-atlases 
are called equivalent, if their union is again a T-atlas. 

 
2.3.Definition 
A T-bundle ( , , )E p M  consists of two manifolds E  
(the total space) and M  (the base) and a smooth 
mapping :p E M→  (the projection) together with 
an equivalence class of T-atlases. 

 
2.4. Lemma 
Let ( , , )E p M be a T-bundle. Then for any 
x M∈ there is a unique vector space structure on 
fiber 1: ( )xE p x−= which is isomorphic with kR . 
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Proof: Let ( , )U α αψ and ( , )U β βψ be two T-charts 

with x U αβ∈ , then we have  

{ }
( ( ))

{ }
( ( )).

x

x

k
E x

x x
k

E x

x x

E x R
x h

E x R
x h

α

α

β

β

ψ
ξ ξ

ψ
ξ ξ

| : → ×
,

| : → ×
,

a

a

                             (3) 

 
Where hα  and hβ are two invertible mappings (These 

two mappings are exist because αψ  and βψ are 
diffeomorphisms.).  Therefore, 
for x U αβ∈ and kv R∈ , we have 

1 1( ( )) ( ( ( ))x v x h x vα β α βψ ψ ψ− −, = , ,                       (4) 
        
or 1( ) ( ( ))x v h x vαβ α βψ ψ −. = , ; also, we have    

1 1( ( ( )) ( ( )) ( )x h x v x v x vβ β β βψ ψ ψ− −, , = , = ,         (5) 

And therefore 1( ( , ))h x v vβ βψ − = . Therefore, 
1 1( ( )) ( ( ))h x v h x vαβ β β α βψ ψ ψ− −. , = , . .                    (6) 

In other words, ( ). ( ) ( )x xx h hαβ β αψ ξ ξ= . We know 

also that ( , )GL k Rαβψ ∈  and therefore xE has a 
unique vector space structure.  
 
2.5. Corollary  
Let 1{ , , }ke eK  be the standard bases for the vector 

space kR , then 1 1
1{ ( ) ( )}kx e x eα αψ ψ− −, , , ,L  and  

1 1
1{ ( ) ( )}kx e x eβ βψ ψ− −, , , ,L   are two ordered  bases 

for xE . Let 

1 1

1 1
( ) ( )

k k

x i i i i
i i

y x e z x eα βξ ψ ψ− −

= =

= , = ,∑ ∑      (7) 

that ,i iy z R∈  then  

1 1

( )

k k

y z
x

y z
αβψ

   
   = .   
      

M M                  (8) 

 
2.6. Theorem 
Any T-bundle admits a vector bundle structure but the 
inverse is not correct. 
 
Proof: The first part of theorem is trivial, for this it is 
sufficient to notice that any T-atlas is a vector bundle 
atlas. Therefore, if A  is a maximal T-atlas on E  then 
there is a maximal vector bundle atlas A′  such 
that A A′⊂ . 

The following example proves the second part of 
theorem. Let 2

0 ( , )E J R R= be the vector bundle of 

jet's of second order from R  to R at 0, that 
:p E R→ , 2

0( ) (0)p j f f=  is the natural 
projection. Consider the following two compatible 
charts for R : 
 

1 1
2

2 2

(0 1)
(0 ) t

u U R R t t
u U R t e

: := → , .
: := → , +∞ ,

a

a
       (9) 

Then, 1 2{ , }A u u= is an atlas for standard structure 
of R . Consider the two mappings  

1 2
1 1 1( )p U U Rψ −: → ×  
2 2
0 ( ) ( )j x yt zt x y z+ + ; ,a                 (10) 

and 
1 2

2 2 2( )p U U Rψ −: → ×  
2 2 2 2 2
0 ( ) ( 2 2 )x x xj x yt zt x e y e y e z+ + ; , +a   (11)  

 
It is clear that 1 1{ , }U ψ and 2 2{ , }U ψ are two vector 
bundle charts such 

that 1
2 1 21( ; , ) ( ; ( )( , ))x y z x x y zψ ψ ψ− =o , where  

 
2

2 2

2 0
2

x

x x

y ye
z ze e

    
.    

    
a          (12) 

 
 
But 2

21( ) [2 ]xJ x e= . Therefore, E is a vector bundle 
but is not a T-bundle.   
 
2.7. Definition 
Let ( , , )E p M  and ( , , )F q N  be two T-bundles. By 

a T-bundle homomorphism we mean a pair ( , )ϕ ϕ  of a 

smooth maps ( : , : )E F M Nϕ ϕ→ → such that 

: E Fϕ →  is fiberwise linear and the following 
diagram is commutative:  

ϕ  
   E                              F 

 
 

                      P                                    q 
 

ϕ  
               M                             N 
                                                             
 
Therefore, for any x M∈ the map ( ):x x xE Fϕϕ →  

is linear. In this case we say that ϕ  coversϕ  . If ϕ  is 
invertible then we say ϕ  is an isomorophism.T-bundles 
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together with their homomorphisms form a 
categoryTVB . 

 
3. The Lie Algebra of Smooth Sections of a 

T-bundle 
3.1. Definition 
Let x  be a point in M . We define  

1

1

b
i b

x x x
i

T M T M T M
=

:= ⊕ ⊕⊕ L         (13) 

 
where for any 1 , i

bi b T M= K is the tangent space at 

x , for distinction, the index i  is attributed. Also we 
define 
 

1 1

b b
i i

x
x Mi i

T M T M
∈= =

:=⊕ ⊕ٍ           (14) 

 
as a manifold is diffeomorphic to Whitney-sum of  b  
copies of  TM  (see [1]). In other words, 
 

1
1

{( )

( ) ( )}

b
i

b
i

i i j

T M v v

v TM i j v vπ π
=

= , , |

∈ ,∀ , : =

⊕ L
       (15) 

 
The projection is defined naturally. 
 
3.2.Theorem 

1( , , )b i
i T M Mπ=⊕ is a T-bundle. 

 
Proof: Let ( , )U u  be a chart on M , it is sufficient to 

define the map 1: ( ) kU U Rψ π − → ×  by 

 
1

1 1

1
1

( ) ( )

( )

n n
b

i ii i
i i

b
n

a x a x
u u

x a a
= =

∂ ∂ , , ∂ ∂ 
; , ,

∑ ∑L a

L

           (16) 

 
3.3. Definition 
Let ( , , )E p M be a T-bundle with T-atlas( , ) IUα α αψ ∈ . 

Assume x be in M and ( , )U uα α be a chart such that 

x U α∈ , and ( , )Uα αψ be the T-chart corresponding 
to it. In this case we define the mapping 

1: b i
x x i xE T Mϕ =→ ⊕  by     

1

1

1

1

( 1 )
1

( )
n

x x i i
i x

n
m

m n i i
i x

n
b

b n i i
i x

y
u

y
u

y
u

α

α

α

ϕ ξ
=

+
+

=

− +
=

 ∂
:= ⊕ ∂ 

 ∂
⊕ ⊕ ∂ 

 ∂
⊕  ∂ 

∑

∑

∑

L

L

L

     (17) 

where x xEξ ∈ and 1

1
( , )

k

x i i
i

y x eαξ ψ −

=

= ∑ , that we 

assume 1{ , , }ke eK is the standard bases for kR , also 

for any ( , )f C M R∞∈ we define   

j
i i

x x

ff
u uα α

∂   ∂
:= .   ∂ ∂   

                                           (18) 

     
3.4. Lemma 

( )x xϕ ξ  is well define. 
 
Proof: It is sufficient to show the definition is 
independent of charts. Let x U αβ∈ and   

1 1

1 1
( ) ( )

k k

x i i i i
i i

y x e z x eα βξ ψ ψ− −

= =

= , = ,∑ ∑       (19) 

Therefore, we have  

1

1
( ) ( )

k

x x x i i
i

y x eαϕ ξ ϕ ψ −

=

 
= , 

 
∑  

11

1 1

n n
m

i mn ii i
i ix x

y y
u uα α

+
+

= =

   ∂∂
= ⊕ ⊕ ⊕   ∂ ∂   

∑ ∑L L  

( 1)
1

n
b

b n i i
i x

y
uα

− +
=

 ∂
⊕  ∂ 

∑L  

1

1 1
( )

in n

j j i
i j x

uz x
u u

α

β α= =

    ∂ ∂
= ⊕      ∂ ∂   

∑ ∑ L             (20) 

1

1 1
( )

in n
m

mn j j i
i j x

uz x
u u

α

β α

+
+

= =

    ∂ ∂
⊕ ⊕      ∂ ∂   

∑ ∑L L  

( 1)
1 1

( )
in n

b
b n j j i

i j x

uz x
u u

α

β α
− +

= =

    ∂ ∂
⊕       ∂ ∂   

∑ ∑L  

By using (3.6), we have   
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1 1

1 1

( 1)
1

( )

n n
m

i mn ii i
i ix x

n
b

b n i x xi
i x

z z
u u

z
u

β β

β

ϕ ξ

+
+

= =

− +
=

   ∂ ∂
= ⊕ ⊕ ⊕      ∂ ∂   

 ∂
⊕ =  ∂ 

∑ ∑

∑

L L

(21) 

Therefore, xϕ is well define.  
3.5. Theorem 
Let ( , , )E p M be a T-bundle such that for any 

x M∈ , 1dim( ( ))p x b− =  then the mapping 

1: b i
iE T Mϕ =→ ⊕ with ( ) : ( )x x xϕ ξ ϕ ξ= is an 

isomorphism of  T-bundles. 
Proof: Let ( , )U u  be a chart on M and ( , )U ψ be 
the correspondence T-chart on E . It is clear that ϕ is 
invertible and by using the proof of theorem (3.2) the 
following diagram is commutative  
 

ϕ  
1( )p U−                                      1( )Uπ −  

 
     ψ                                                 Tψ  

 
   Φ  

      kU R×                                      kU R×  
 
Where ( , ) ( , )x a x aϕ =  that is isomorphism for any 
x .  
 
3.6. Corollary 
Any two T-bundles on the same base such that their 
fibers have the same dimension are isomorphic. 
 
3.7. Definition 
Suppose ( , , )E p M  be a T-bundle. By a section of the 
T-bundle E  we mean an smooth map 

: M Eξ → such that Mp Idξ =o .  
We denote the set of all sections of a T-bundle 
( , , )E p M   by ( )C E∞ . 
 
3.8. Definition 
Let ( , , )E p M be a T-bundle; , ( )C Eξ η ∞∈ and 

( , )f C M R∞∈  then we define:  

( ) ( ) ( )x x x x xf f xξ η ξ η ξ ξ+ := + , :=             (22) 
 
 
3.9. Definition 
Let ξ  and η  be in ( )C E∞ and ( , )U uα α be a chart 

on M , in this case we can write in local coordinates 

1

1
( )

k

i i
i

U f eα αξ ψ −

=

| = .,∑ and  

1

1
( )

k

i i
i

U g eα αη ψ −

=

| = .,∑                        (23) 

 where , ( , )i if g C U Rα
∞∈ . Then we define   

1( ( ) ( ))ξ η ϕ ϕ ξ ϕ η−. := .           (24) 
and 

1 1

1 1

( ) ( )
n n

i
j j i

i j

gU f
u uα

α α

ϕ ξ ϕ η
= =

∂ ∂
. | := ⊕

∂ ∂∑ ∑ L  

1 1

1 1

n n
m mn i m

mn j j i
i j

gf
u uα α

+ + +
+

= =

∂ ∂
⊕ ⊕

∂ ∂∑ ∑L L               (25) 

( 1)
( 1)

1 1

n n
b b n i

b n j j i
i j

g
f

u uα α

− +
− +

= =

∂ ∂
⊕

∂ ∂∑ ∑L         

Therefore, we have 
1

1

0 1 1
( )

b n n
pn i

pn j pn ii
p i j

g
f e

u α
α

ξ η ψ
−

+ −
+ +

= = =

∂
. = ., .

∂∑ ∑ ∑         (26) 

 
3.10. Definition 
Let ξ  be a section of T-bundle( , , )E p M , suppose that 

x M∈  and ( , )U uα α is a chart of M such that x Uα∈ . 
Also we assume that  

1( , , ) ( , )b
bf f f C U Rα

∞= ∈K        (27)      

where ( , )if C U Rα
∞∈ , in this case we define 

: ( , ) ( , )b bC U R C U Rα αξ ∞ ∞→ by  
 

1( )( ) ( ( )( ))( )bf x f f xξ ϕ ξ= , ,L  
               

1

1

( 1)
1

( ( ) ( )

( ) ( ))

n

i i
i

n
b

n b i i
i

fg x x
u

fg x x
u

α

α

=

− +
=

∂
:= , ,

∂

∂
∂

∑

∑

L

                (28) 

 

Where 1

1
| (., )

k

U i i
i

g e
α αξ ψ −

=

= ∑ . 

Now we can define the Lie bracket of to sections of a T-
bundle. 

 
3.11. Definition 
Let , ( )C Eξ η ∞∈ , then we define the Lie bracket of 
ξ andη  by[ , ]ξ η ξη ηξ= − , if we assume that 

1

1
| (., )

k

i i
i

U f eα αξ ψ−

=

=∑ and
1

1

| (., )
k

i i
i

U g eα αη ψ −

=

= ∑  

then we have 
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1

0 1 1

1

[ ] (

). ( )

b n n
pn i

pn j j
p i j

pn i
pn j pn ij

g
U f

u
f

g e
u

α
α

α
α

ξ η

ψ

−
+

+
= = =

+ −
+ +

∂
, | =

∂

∂
− .,

∂

∑ ∑ ∑
     (29) 

 
3.12. Theorem 
Suppose that ( , , )E p M  is a T-bundle then ( )C E∞  
with Lie bracket and the addition of functions and scaler 
product is a Lie algebra. Proof: The product that we 
define in definition (3.9) is associative (It is clear from 
the definition)so ( )C E∞  is an associative algebra and 
also we define the Lie bracket of two sections  ξ  and 

η by ξη ηξ− , therefore the ( )C E∞  is a Lie algebra.  
 
3.13. Corollary 
If ( , , )E p M  be a T-bundle with standard fiber kR  
such that dim( )M n=  then the Lie algebra 

( )C E∞ is isomorphic to multiplication of /b k n=  
copies of Lie algebra ( )Mχ  (the Lie algebra of all 
vector fields on M ). 
 

4. Conclusion 
T-bundle which defined in this article is a vector bundle 
such that it is a natural generalization of tangent bundle. 
Also we defined a Lie algebra structure on the set of 
smooth sections of a T-bundle such that in particular 
case of tangent bundle it coincides with the Lie algebra 
of vector fields. 
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