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Abstract: The effect of a bond failure and its extent is studied on stress concentration 
in long fibers as well as stress distribution in short fibers and their surrounding 
matrix bays. The material is assumed to be a finite width hybrid composite lamina 
which is subjected to a tensile load of magnitude "P" at infinity. The surrounding 
matrix is assumed to take only shear (shear-lag theory). The bay adjacent to the first 
intact filament is allowed to experience a bond failure of size 2δ. This failure is due 
to excessive shear load in the matrix which exceeds the fiber-matrix bond strength. 
The matrix at this zone may or may not experience yielding. The short fibers are 
simulated by assuming two successive breaks along each filament. The effect of bond 
failure length on short fiber load bearing capability, as well as stress concentration 
in the first intact filament is fully investigated. The effect of hybridization, in presence 
of bond failure is also examined on short fiber load bearing behavior. 
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1. Introduction1 

Structures fabricated from fine filaments of various 
types have found many industrial applications. One of 
the necessary factors in rational design of such 
structures is a vast knowledge of stress behavior in the 
vicinity of any local discontinuity which may be present 
in form of a hole, crack, fiber-matrix bond failure, and 
so on. Composites that are composed of more than one 
filament are called hybrids.  
This arrangement of fibers is due to a need for any 
improvement in a deficiency present in a single type 
fiber composite.  
In general, the use of the second type fiber could be to 
improve the weight of the overall structure, its 
mechanical property, or a reduction in cost of 
production.  Since the presence of the second type fiber 
influences the stress distribution within the material, 
then, knowledge of this behavior will enable one to use 
these materials efficiently.  
Many attempts have been made to better understand any 
stress field variation caused from the presence of local 
defects. To accomplish this task the material has to be 
modeled properly. One of the models available is based 
on shear lag theory, where in, all fibers are assumed to 
take axial load and the matrix sustains only shear.  
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The load transfer mechanism from any broken fiber to 
its adjacent filament is through shear stress in the 
matrix. 
It is shown that [1]–[4] shear-lag model gives relatively 
accurate results on normal stresses developed in 
composites with a low extensional stiffness in the 
matrix.  
The effect of inter-fiber spacing and matrix crack on 
stress concentration factor has also been examined by 
Sirivedin S. et. al,  in reference [5]. The effect of fiber 
cross sectional shape on mechanical behavior was 
further discussed by Bond Ian et al [6].  
Several authors have also studied the stress distribution 
and fracture behavior of hybrid composites [7]–[10]. 
Stress- strain behavior in initial stage of short fiber 
reinforced metal matrix composites was studied by Ding 
and his co-authors [11]. In references [11]-[15], short 
fiber reinforced composites were studied to determine 
the effect of fiber volume fraction and its length on 
tensile properties as well as stress distribution in overall 
material. Most of the research on composites with 
matrix plasticity has focused on materials with single 
type filament [16] –[18]. Several authors have tried to 
investigate bond failure strength on overall behavior of 
different type composites through experiments and 
analytical solutions and modeling [19]–[25]. Due to the 
complexity of stress distribution in short fiber 
composites, stress distribution in these materials have 
still many unresolved questions which yet have to be 
answered. In this paper, a try is made to understand the 
effect of bond failure and its extent on any stress 
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concentration produced within a single type fiber and a 
hybrid composite lamina.  
Also, stress distribution within any short fiber and the 
effect of debonded fiber-matrix interface on short fiber 
load bearing capability is fully investigated. 
 

2. Derivation of Formulas 
To obtain the necessary relations, a finite width 
composite lamina with N=2q+1 fibers is considered as 
shown in Figure 1.  

It is assumed that all the fibers are aligned in parallel, 
and the spacing between them, namely "h", is equal to 
the fiber's diameter "d". Furthermore, it is assumed 
that all fibers will only take extensional load, and the 
matrix sustains only shear. This is a good assumption 
for most composites with a phenolic resin or weak in 
tension. 

 

 
Fig 1. Fiber arrangement in a hybrid lamina with double cuts and broken bond zones of size 2δ. 

 
 
The high modulus fibers (HM), as well as the low 
modulus fibers (LM), are assumed to have the same 
diameter and act as linear elastic materials up to the 
point of fracture. Two successive breaks are considered 
along each filament to simulate a short fiber. A perfect 
bond is assumed to exist between all fibers and matrix 
bays except those bonding the crack tip. In this region, 
there is a bond failure of size 2δ between the fibers 
bonding the crack tip and their neighboring matrix bay. 
This failure may exist due to the presence of excessive 
shear stress developed within the matrix. The stress in 
this zone may (or may not) have reached its limiting 
yield value. The lamina is subjected to a tensile load of 
magnitude P applied at infinity. Due to symmetry, only 
the right portion of the lamina is considered. To obtain 
field equations, the right portion of the lamina is divided 
into four regions (see Figure 2). In regions one and four 
there is a perfect bond between matrix and fibers while 
in regions two and three, a bond failure zone of size 2δ 
exists between the fibers and matrix bays bonding the 
crack tips. The matrix in this zone may or may not be 
assumed to be yielded. Two successive breaks are 
assumed along broken fibers to simulate a short fiber.  
In all equations, an asterisk is used to distinguish those 
properties associated with LM fibers. Equilibrium 
equations in each region may be written by considering a 
volume element containing two successive fibers (one 
HM and one LM fiber), and their surrounded matrix bay 
as shown in Figure 3. 

 
Fig 2. Fiber arrangements for the right hand portion of 

the lamina. 
 
The displacement of each fiber in regions one and four 
is shown by u  where for regions two and three 
parameter u is used instead. Application of force 
equilibrium equation along x on the mth volume 
element in regions one and four reveals that; 
 

 
Fig 3. Force equilibrium on the mth volume element 

with intact matrix. 
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According to Figure 4, in regions two and three, for 
those fibers located at the crack tips, the equilibrium 
equation of fibers reduce into: 
 
 

 
Fig 4. Force equilibrium on the mth volume element 

at the crack tip in a zone with debonded matrix. 
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For other fibers and matrix bays surrounded in regions 
two and three the equilibrium equations may be 
expressed as; 
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Assuming the lamina ends in a HM fiber at the edge, 
then the equilibrium equations for the edge fibers in 
regions one  
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And for regions two and three; 
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For simplicity, equilibrium equations (2.1) through 
(2.10) are written in a non-dimensional form as 
follows.  

 fibers) HM four, and one (regions
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Similar expressions to those of (2.17) through (2.20) 
may be written if the edges end in a LM fiber.  
In above equations, it has been assumed that a LM 
fiber bonds the crack tip and the breaks are symmetric 
with respect to n = 0 fiber. Similar expressions may be 
written if a HM fiber bonds the crack tip. 
 

3. Displacement and Load Distribution  
Fields 

(a). Regions 1 and 4 
In these two regions, equations (2.11) through (2.14) 
may be written in a matrix notation as: 
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Where L1 and L2 are coefficient matrices and U" 
corresponds to the second derivative of U with respect 
to ξ. Hence, the solution to the differential-difference 
equation (3.1) may be written as follows. 

 
(a.1). Region 1 
As observed in Figure 2, this region is confined in 
region )(0 δξξ −≤≤ D . All eigenvalues associated with 
this region are distinct. Hence, due to finiteness of this 
length, the solution to equations (3.1) may be written in 
terms of eigenvalues λι and eigenvectors R (i) as; 
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In above equations,  is a value associated with 
the  (q-n+1)th row of the ith eigenvector. The superscript 
(1) corresponds to properties associated with region 1.  
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i
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(a.2). Region 4 
This region is defined between the limits ∞≤≤+ ξδξ )( D . 
All the eigenvalues associated with this region are 
distinct. Hence due to the boundness condition defined 
in equation (3.5), the solution to equations (3.1) may be 
written in terms of expressions (3.6) to (3.8). 
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In Equations (3.6)-(3.8), positive values of iλ  are 
discarded due to the boundness conditions expressed in 
(3.5). In equations (3.2) - (3.8), Ai, Bi, and Ni, are 
constants yet to be defined from boundary and 
continuity conditions and superscript (4) corresponds 

to properties associated with region 4. One must realize 
that the non-dimensional load in each fiber is expressed 
as: 
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(b). Regions 2 and 3 
In these two regions, equations (2.15) through (2.20) 
may be written in a matrix notation as: 
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L1 and L3 are coefficient matrices. The solution for 
load and displacement in each region may be written 
as; 
 
(b-1). Region 2 
The field equations associated with this region may be 
written as: 
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In above equations, k is the number of occurrence of an 
eigenvalue. These equations may be re-written as: 
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(b-2). Region 3 
In this region, the expressions for displacements and 
loads in each fiber may be expressed as: 
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In above equations, k is the number of occurrence of an 
eigenvalue. The above equations may be re-written as: 
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In equations (3.11) to (3.16), Ci, Di, Ei, and Mi are 
constants yet to be defined from boundary conditions 
and continuity equations. 
 

4. Boundary Conditions and Continuity  
Equations 

Upon the application of following boundary conditions 
and continuity equations, one may solve for the 
constants introduced in displacement fields of regions 1 
to 4. 
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Applying above boundary conditions and continuity 
equations one can solve for 3n unknowns present in 
equilibrium equations. 

 
5. Results and Discussion 

In order to investigate the effect of bond failure on 
stress distribution in a finite width regular composite 
lamina, it was first assumed that all fibers are of the 
same type (R=1), and each damaged filament bears two 
successive cuts along its length such that the portion of 
fiber caught in between forms a short fiber (see Figure 
1). Figure 5 shows the effect of bond failure length on 
stress concentration in the first intact filament bonding 
the crack tip. The results of an infinite sheet with no 
bond failure are superimposed for further comparison.  
As realized, for ξο=2, an increase in length of the 
debonded region reduces the peak normal stress 
concentration in the filament. The reduction appears to 
be more pronounced for larger cracks (higher values of 
"r"). According to Figure 6, for any specific value of 
crack size (here r = 3), the magnitude of stress 
concentration is barely a function of 2ξο(the distance 
between any two successive cuts). An increase in ξο 
would result in higher values of Kr, maximum of which 
happens to be in the first intact filament bonding the 
crack tip. As δincreases from zero to 0.4, the 
percentage decrease in Kr appears to be almost the 
same ( ≈ 12%) for all values of ξο. The effect of 
hybridization on peak stress concentration is studied in 
Figure 7 for R = 0.33. This value simulates the boron-
graphite epoxy hybrid composite. Two values of 
δ = 0.1 and δ = 0.3 are selected for the half length of 
debonded region. For further comparison, the results of 
an infinite sheet with R=1 and no bond failure are 
superimposed.  
The first intact filament at the crack tip happens to be a 
LM fiber. According to this figure, hybridization causes 
LM fibers to experience higher values of stresses 
compared to a case where all fibers are of the same 
type. The initiation of a bond failure at the fiber-matrix 
interface causes a reduction in Kr. The effect is more 
pronounced for higher values of crack size (larger 
number of broken fibers). As δ increases from zero (no 
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bond failure) to 0.3, the magnitude of stress 
concentration reduces from 2.94 to 2.25 (at r = 5).  
This corresponds to a reduction of 23.5% in Kr. Similar 
study on HM fibers is shown in Figure 8. According to 
this figure, a HM fiber experiences smaller value of 
stresses, once the lamina is hybridized. As a bond 
failure occurs and grows in size, the values of Kr are 
further decreased. This reduction is about 9% at r = 7 
(values of Kr is reduced from 2 to 1.88). Hence, from 
the results in Figures 7 and 8, one can conclude that the 
effect of bond failure seems to be more pronounced on 
LM fiber stresses. Figure 9 compares the results of Kr 
for three different cases indicated on the figure. The 
values of stress concentration for the yielded matrix 
were deduced from reference [18] wherein it was 
assumed that the yielded zone has the same size as the 
debonded region and the matrix bay at the crack tip has 
kept its grip with its neighboring fibers.  
According to this figure, a yielded matrix causes a 
higher stress reduction in intact filaments compared to a 
debonded region of the same size. For example, at r = 
7, a yielded zone size of 0.4 forces the values of Kr to 
be lowered from 2.45 (for no bond failure) to 1.89, 
while, if the fiber-matrix interface at the crack tip is 
debonded up to the same size, this value is only 
reduced to 2.1. The effect of δ on peak normal loads in 
the first short fiber adjacent to the crack tip is shown in 
Figure 10. According to the results, for values of 
δ << ξοthe effect of the debonded region on (Ps)max 
becomes negligible.  
According to this figure, for ξο=2, the growth of δ from 
zero (no bond failure) to 0.5, causes a 28.8% in (Ps)max 
while this decrease is about 3% at ξο = 7.  
As the lamina is hybridized, the LM short fibers 
experience more loads (compared to a single type 
composite lamina) as "R" is reduced from 1 to 0.33. 
This is shown in Figure 11 for δ = 0.3. Similar analysis 
on peak shear stress in the matrix bay bonding the crack 
tip is performed and shown in Figures 12 and 13. 
According to Figure 12, an increase in δ, lowers the 
value of peak shear stress. This effect seems to be 
larger for smaller values of ξο. For further comparison, 
the results of no bond failure are superimposed. 
According to Figure 13, assuming a HM fiber at the 
crack tip, an increase in "R", lowers the value of peak 
shear stress in the matrix. The reduction appears to be 
25.8% for δ = 0.3 at ξο=2.7, as R is reduced from 1 to 
0.33. 

 
6. Conclusions 

This paper presents the effect of a bond failure between 
a matrix and its neighboring fibers, and its extent, on 
peak stress concentration, load bearing capability and 
peak shear stress in a regular and hybrid composite 
lamina. According to the results, the growth of a bond 
failure noticeably lowers the magnitude of stress 
concentration in the fibers. This effect seems to be the 
same for all values of ξο.  

Hybridization effect causes LM fibers to experience 
more stress, while the presence of a bond failure lowers 
this effect considerably. As the lamina is hybridized, 
HM fibers undergo lower stress values while initiation 
and growth of a bond failure lower these values even 
more. The effect of stress reduction as a result of a 
bond failure appears to be less in HM fibers. According 
to the results, a fiber-matrix bond failure lowers the 
values of stress concentrations less compared to a case 
where the matrix has yielded to the same extent as the 
size of the debonded zone, but has kept its grip with its 
neighboring fibers. For values of δ much smaller than 
ξο, the growth of the debonded region has a negligible 
effect on load bearing capability of short fibers. 
Hybridization does not seem to alter this behavior 
much. The growth of a debonded interface also affects 
the peak shear stress produced in the matrix. The trend 
appears to be similar to that described for load bearing 
capability of short fibers. 
 

Nomenclature 
Af : Cross sectional areas of HM fibers. 

*
Af : Cross sectional areas of LM fibers. 

 d:    Fiber diameter, fiber spacing. 
Ef : Elastic Modulus of HM fibers.  

Ef
* Elastic Modulus of LM fibers. 

G:    Shear modulus of the matrix. 
h:     Thickness of the lamina. 
Kr : Stress concentration factor in each fiber 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

p
p n

rK
. 

m:  Volume element containing one HM and one 
LM fiber. 

n:     Filament number. 
N:    Total number of fibers (N=2q+1). 
p:   Normal Load applied to the lamina at infinity. 

n
P: 
p : 

Local normal load in each fiber 

Non-dimensional load in HM Fibers. 
P*: Non dimensional load in LM Fibers. 
Ps : Non-dimensional load in short Fibers. 
R :  Extensional stiffness ratio of  LM fibers to 

HM fibers 
r: Total number of broken fibers. 
(Sxy): Non-dimensional shear stress in each matrix 

bay. 
u(i) : Displacement of fibers in regions one and two 

(i = 1,2).  
)( ju : Displacement of fibers in regions two and 

three (j = 2,3). 
U(i) : Non-dimensional displacement of fibers in 

regions one and two (i =1,2).  
)(

U
j

: Non-dimensional displacement of fibers in 
regions two and three           (j = 2,3). 

x,y : Coordinate system centered in the middle of 
the lamina. 

2δ :  Non dimensional size of the debonded region. 
λi  :     Eigenvalue. 
ξ   : Non dimensional coordinate along each 

filament. 
2ξο   :  Total length of each short fiber. 
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Fig 5. Effect of bond failure extent on stress concentration factors for various numbers of broken fibers 

 
Fig 6. Effect of short fiber length on peak stress concentration produced in the lamina. 

 
Fig 7. The effect of bond failure extent on stress concentration factor in LM fibers. 
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Fig 8. The effect of bond failure extent on stress concentration factor in LM fibers. 

 
Fig 9. Comparison of stress concentration reduction due to yielded zone and debonded  

region in the matrix.   

 
Fig 10. Variation of peak normal load in short fibers. 
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Fig 11. The effect of "R" on short fiber load distribution in presence of a demoded matrix zone of  0.3. 

 

 
 

Fig 12. Variation of peak shear stress in the matrix as a function of short fiber length. 

 
Fig 13. The effect of "R" on shear stress distribution in the matrix bay the crack tip with  

a debonded region of  size 0.3.  
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