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SEMI-RADICALSOF SUB MODULESIN MODULES
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Abstract: Let R be a commutative ring and A/ be a unitary R module. We define
a semiprime submodule of a module and consider various properties of it. Also we
define semi-radical of a submodule of a module and give a number of its
properties. We define modules which satisfy the semi-radical formula
(s«tes.r.f ") and present the existence of such a module.
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1. Introduction
In this paper all the rings are commutative with identity
and all the modules are unitary. Let R be aring and
M bean R—module. If N isasubmoduleof »7 we

use the notation N <M . If the submodule NV is
generated by asubset S of A, wewrite N = <S>
If N and K aresubmodulesof M , then the set
{re R| 1K c N} isdenoted by (N:, K) or simply
by (N : K)which is clearly an ideal of R If / isan

ideal of thering R, we write | < R. In Section 2 we

define prime and primary sub modules of an
R —module A and in Lemma 2.2, we give equivalent
definitions for prime and primary sub modules. Then we
present our essential definition, that is, we define
semiprime sub modules of a module. Various properties
of semiprime sub modules are discussed. We have
shown that if N is a semiprime submodule of an
R—module A, then (N :A7)is a semiprime idedl

of R but not conversely in general. In Lemma 2.8 we
prove that the converse is aso true if A is a
multiplication module. In Section 3 we define radical of
an R—module Az and Theorem 3.1, shows that a
submodule of afinitely generated multiplication module
is semiprime if and only if it is radical. Next we define
semi-radical of a submodule of a module and also
modules satisfying the semi-radical formula which is
abbreviated as (sit.s.r.f) and in Theorem 3.9 we show
that such a module does exist.

Theorem 3.12 is concerned with a number of properties
of semi-radica of sub modules. After defining a
P —semiprime submodule we consider some of its
properties.
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2. Some Elementary Results
We begin this section with the following definitions:

Definition 2.1. Let N be a proper submodule of an
R —module ar.

(@ N iscaled a prime submodule of A7z if for any
reR and meM, rmeN impliesthat me N or
re(N:M).

() N iscaled a primary submodule of as if for
any re R and meM, rmeN impliesthat me N
or r" e (N : M) for some positiveinteger 7.

In (8) it can easily be shown that P=(N:M)is a
primeideal of R andwesay that NV is P —prime.
We recall that if / isanidea of aring R, then the
radical of 7, denoted by /I , is defined as the
intersection of al prime ideals containing /.
Alternatively, we define the radical of / as:

JI = {r e R r" eI for somepositiveinteger n}.

Also if N isa primary submodule of an R —module
M, then (N:M) is a primary ideal of R and
P=J(N:M) is a prime ideal. We describe this
situation by saying that N is P —primary.

Lemma 2.2. Let N be a proper submodule of an
R —module »r.

(i) N is a prime submodule of A7 if and only if
IDc N (with /7 anideal of R and D asubmodule
of M) impliesthat Dc N or 7 (N : M).

(i) N isaprimary submodule of A7 if and only if for
every finitely generated ided / of R and any
submodule D of A7, IDc N impliesthat D= N or
1" < (N : M) for some positive integer 71.

(iii) Let P be a prime ideal of R, than N is a
P —primary submodule of M if and only if (a)
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Pg\/m, and (b) cmg N for dl ce R/P,
meM/N.

Proof. (i) (=): Let I<R and D<M be such that
IDc N and let Dz N . So there exists an element
Xe D\ N . Letr beany element of /.Then rxe N
and hence re (N : M) . Therefore I c (N : M) .
(&):Lete reR, ae M besuch that rae N and
let a¢ N . By taking:

| =(r) and D=Ra we see tha ID < N. But
D& N and hence 7 (N : M),

which implies that re (N ¢ M). Therefore N is a
prime submodule of A7 .

(i) (=):Let DM and / be afinitely generated
ideal of R suchthat IDc N.

Then by [5 Corollaay 1, P99], Dc N or

IcJ(W:M). Let DZN, then ;. /(v:ar) and by

[5, Proposition 8. P.83], there exists a positive integer
n suchthat 7" (N : M).

(&) :Let reRxeM be such that rXe N and let
x¢ N . By taking | =(r) and D = RX we see that
IDc N and DZN. So there exists a positive
integer n such that 7" (N : M). This implies that
r"e (N s M) and hence N is a primary submodule
of M.

(iiiy (=):I1f N is P—primary, then by definition
P=J(N:M). Now let ce R\P and meM\N.
Let cme N, then there exists a positive integer n
such that:

c"e(N:M), that is, ce (N:M)=p (because
me N ), acontradiction. Hence cmeg N .

(&) : Assume that (a), (b) hold. Let re R and
me M, rme N . Assume further that meg N, then
by (b), r must belong to P and so re /(N :a1) by
(). Therefore NV is a primary submodule of A7 . Next
we must show that p = (N : M) .

Let re (N:M), then r"e(N:M) for some
positive integer n, and so r"M cN. Since N is

proper, there exist xe M /N . Now r""xe N and x¢ N
so by (b) we conclude that r" e P and, as P is prime,
r€ P.Wefindthat \[(¥: )= p and therefore N is
P —primary.

The following definition is essential in the rest of the
paper.

Definition 2.3. A proper submodule N of an
R—module M is said to be semiprime in M , if

Semi-Radicals of Sub Modulesin Modules

for every idea / of R and every submodule K of
M , 1?2k = N impliesthat 1K — N . Note that since the
ring R isan R —module by itself, a proper ideal / of
R is semiprime if for every ideals J and K of R,

J2K | impliesthat JK c | .

Proposition 2.4. Let M bean R —module.

(i) If N is aprime submodule of M , then N is
semiprime.

@ii) If N is a semiprime submodule of AZ, then
(N 3 M)issemiprimeidea of K.

Proof. (i) Let <R, K <M and 12K c M . Then
I (IK) < N andsince N isprime, / (N : M) or
IKSN. But (N:M)c(N:K) and hence
Ic(N:K),andso IK < N. Inany case we see that
IK < N, and therefore NV issemiprime.

(i) Let J and K be ideds of R and
J’K c(N:M). Hence (JZK)M c N, and so,
J2(KM)g N.But KM <M ,and NV issemiprime,
therefore  J(KM)c N, and thus, (JK)M < N.
Hence JK < (~V : M) and we concludethat (N ¢ M)is

asemiprimeideal of R .

Part (i) of the above proposition implies that if P isa
prime idea of R then P is semiprime. In the next
example we show that the converse of part (ii) of
Proposition 2.1. isnot valid in general.

Example 25. Let R=2, M=Z®Z and B=((9.0))-
Then it is clear that (B:M)=(0).Since Z is an
integral domain, (B:M)=(0)is a prime ideal and
hence a semiprime ideal of Z . But B is not a

semiprime submodule of A ; because if we take
I =(3)and K =<(2,0)>, Then:

12K ={(189,0)| qe Z} Q)
But:
IK ={(69,0) ge z} ©

isnot asubset of 5.
It is clear that if NV is a semiprime submodule of an

R—module M and I<R, K<M be such that

I"K = N for some positiveinteger 77, then IK = N..

Theorem 2.6. Let N be a proper submodule of an
R —module M . Then the following statements are
equivalent:

(i) NV issemiprime.

(i) Whenever rtmeN for some r e R, meM and

teZt thenrmeN.
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Proof. (i) (=) (). Let r'meN where reR,
meM and teZ™. Taking | = (r) and K =(m) we
have 1'K =N and so IK =N winch implies that
rmeN.

(i) =(@). Let <R and K<M be such that

12K < N . Consider the set:
Sz{raj rel,ack} ©)

Then for every re 7,ae K wehave r?ac 1K < N and

hence rae N. This implies that Sc N and since
IK is the submodule of Af generated by .S, we
must have IK < N . Therefore NV issemiprime.

Definition 2.7. An R—module M is said to be a
multiplication module if for each submodule N of
M, N =IM for someideal 7 of R.

It can he easily shown that, an R —module M is a
multiplication module if and only if N=(N:M)M
for every submodule N of M .

Lemma 2.8. Let M be a multiplication R —module.
Then asubmodule N of M issemiprime if and only
if (V:M)isasemiprimeidea of R .

Proof. (=): Thisis clear from Proposition 2.4 (ii).

(& ) Let 1<R, K <M, be such that 12K c N.
Hence:

(I’K:M)c(N:M). 4)
It can be shown that:

I'(K:M)c ('K : M) (5)
and so we obtain:

I’'(K:M)M c(N:M). (6)

But (~:M)is a semiprime ideal of R and hence
I(K : M) c (N : M). Thus we conclude that:

I(K : MM (N : M)M, 7

and using the fact that A is a multiplication
R —module we have IK c N. Therefore N is a
semiprime submodule of A .

The following lemma shows that the same situation, as
above, holds for prime and primary sub modules.

Lemma 2.9. Let M be a multiplication R —module.
Then:

(@ A submodule N of M is prime if and only if
(N :M)isaprimeidea of R.

(b) A submodule N of M isprimary if and only if
(N :M)isaprimary ideal of R.

23

Proof. (8) (=) : Clear.

(< ) Let I<R, DM be such thatipc N, then
(D:M)c(N:M). But [(D:M)c(ID:M) and sO
I(D:M)c(N:M).Since (N : M)isaprime:

ideal of R wehave /c(N: M) or (D:M)c(N: M).
Suppose that /(N : M). Then (D: M) c (N : M)
and from tins we have (D: M)M c (N : M)M , that is,

D c N. Hence N is a prime submodule of M by
Lemma?2.2 (i).

(b)( = ):Clear.

(&): Let (N:M)beaprimary ideal of R.Let / bea
finitely generated ideal of R and D be a submodule
of M andlet IDc N. Suppose that for any positive
integer 11, /7¢(N:M)- We see that IDc N implies
(ID:M)c(N: M) and hence /(D: M) c(N:M). But
I"¢(N:m)for any postive integer 1, SO
(D:M)c(N:M), because (N:M)is a primary.
Hence (D:M)M c(N:M)M , that is, DcN. So
N isaprimary submodule of M , by Lemma 2.2 (ii).
the proof is now complete.

Proposition 2.10. Let {P| }iel be a non-empty family

of semiprime sub modules of an R —module M .
Then P=(R is a semiprime submodule of M .

Further if {P, }i c| s totaly ordered (by inclusion),
then T=(1R is aso a semiprime submodule
whenever T #M .

Proof. Let I<R and K<M be such tha
IzkngﬂP,.Then 1’k P forevery i el , and
since P. is semiprime we have Ikc RB. Hence
IKcNR =P and P is semiprime. Next we let
T=NR #M . The fact that {F’I }iel is totally ordered
by inclusion makes it clear that 7 is a submodule of

M .Let I<R and K <M besuchtha 12K T.
Consider the set:

S={rk|reR,keK} (8)

Then S is a generating set for the submodule /K . If
rel, keK then r’kel?K cTand so for some
icl,r’keR. Since B is semiprime this implies
thatrk e B. 1t follows tha ScTand hence

IK=(S)cT. Therefore 7' is also a semiprime
submodule of M.

Remark. Some authors define a semiprime submodule
as an intersection of prime sub modules. But by our
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definition of a semiprime submodule of a module we
can find a semiprime submodule of a module which is
not an intersection of prime sub modules. for example
look at .J. Jenkins and P.F. Smith in the proof of [1].

3. Radicals and Semi-Radicals
Let M be an R—module and N a submodule of
M . If there exists a prime submodule of A4 which
contain NV, then the intersection of all prime sub
modules containing N, is called the M —radica of
M andisdenoted by rad,,N , or simply by radN .
If there is no prime submodule containing NV , then we
define rad,, N = M ; in particular rad,, M = M . An
ideal / of aring R is caled a radical idea if
\/I_: | . Similarly, we say that a submodule B of an
R —module M isaradical submoduleif radB=B.

It iseasy to seethat anideal / of aring R issemiprime
if and only if it isradical. Because, let / be semiprime,

and let Xe/I . Then xK el for some positive
integer K. So X< 1el , and since / is semiprime we
have X.1= X e | . Therefore | = \/I_

On the other hand, if | = \/I_ then by definition of
\/I_ and Propositions 2.4 (i) and 2.10, / is semiprime.
Finaly by Propositions 2.4 (i)and 2.10 we see that for

any submodule B of an R —module M , radB isa
semiprime submodule whenever radB # M .

Theorem 3.1. Let M be a finitely generated
multiplication R —module and let N be a proper
submodule of M . Then N issemiprimeif and only if
itisradical.

Proof. Since ann,(M)c (N : M), by [2, Theorem 3,
P.216],

J(N e MM = rad(N :t MM . 9

As M is a multiplication module we have
(NeMYM=M, ad if N is semiprime

(N:M)is a radica ideal. Therefore
J(NV t MYM = rad(N : M)M iff
(N :MYM =rad(N : MM .\t N =radN

thisimpliesthat NV isaradical submodule of Af , that
is, N=radN=P(P is a prime submodule of M
containing NV ). Hence by Propositions 2.4 (1) and 2.10
N isasemiprime submodule of M . The proof is now
complete.

After Remark 2.11 we may ask under what condition a
semiprime submodule is the intersection of prime
submoclules containing it. The following corollary can
be considered as an answer.

Semi-Radicals of Sub Modulesin Modules

Corollary 3.2. Let M be a finitely generated
multiplication R —module and let N be a proper
submodule of A7 . Then N issemiprimeif and only if
N =P (P aprime submodule of M containing
N).

Proof.(=): If N issemiprime then by Theorem 3.1,
it is radical, that is, N =[P (2, a prime submodule
of M containing V).

(&):By Propositions 24 (i) and 210, N is
semiprime.

Proposition 3.3. If M is a finitely generated
R —module, then every proper submodule of M is
contained in a semiprime sub module.

Proof. By Corollary of [3, Proposition 4, P.63], every
proper submodule of M is contained in a prime
submodule . So by Proposition 2.4 (i), we have the
result.

Definition 3.4. (1) A semiprime submodule P of an
R —module M iscadled a minimal semiprime of a

proper submodule &V if N P and there is no
smaller semiprime submodule with this property.

(2) A minimal semiprime of 0=<0,, >is caled a
minimal semiprime submodule of A .

Theorem 35 Let M be an R—module. If a
submodule N of M is contained in a semiprime
submodule P, then P contains a minimal semiprime
submodule of NV .

Proof. It is similar to the proof of [5, Theorem 4. P.84].

Proposition 3.6. Every proper submodule of a finitely
generated R —module A/ possesses at least one
minimal semiprime submodule of A .

Proof. Let N be a proper submodule of M, then by
Proposition 3.3, N is contained in a semiprime
submodule of M .

Corollary 3.7. Every semiprime submodule of an
R—module M contains at least one minimal
semiprime submodule of M .

Proof. Let P be a semiprime submodule of M and
take N =<0 >in the Theorem 3.5. Then P contains
a minimal semiprime submodule of <0 >,and so a

minimal semiprime submodule of A .

Definition 3.8. Let M be an R—module and
N<M. If there exists a semiprime submodule
of M which contains NV, then the intersection of all
semiprime sub modules containing N is caled the
semi-radical of V andis denoted by S—rady, N, or
smply by S-radN. If there is no semiprime
submodule containing AN . then we define
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S—radN =M, in particular S—radM =M . We cal
S—-rad(0) the semiprime radical of M .

If N<M, then the envelope of N, denoted by
E(N),isdefined as:

x €M | x =rafor somer e R,ae M
E(N)= (10)

and r "aeN for somene Z*

We say that M satisfies the semi-radical formula, M
(st.sr.f) if forany N < M, the semi-radical of N is
equal to the submodule generated by its envelope, that

is, S—radN =(E(N)). We already know that
(E(N)) c radN , by [4, P.1815]. Now let X & E(N)
and P be a semiprime submodule of A/ containing
N. Then x=ra for some re RaeM and for
positive integer n,r"ae N. But r"ae P and since
P is semiprime we have rae P. Hence £(N)cP.
We conclude that £(N)c (P (P is a semiprime
submodule containing N'). So £(N)c S — radN . On

the other hand, since every prime submodule of M is
clearly semiprime, we have S—radN < radN . We see

that:
(E(N))cS—-radN c radN (11)

Now we present an R —module which satisfies the
semi-radical formula

Theorem 3.9. Let M be a finitely generated
multiplication R —module. Then M satisfied the
semi-radical formula.

Proof. Let N <M , then by [4. Theorem 4.4], we have
(E(N)): M)=(radN : M).

Hence ((E(N)): MM =(radN : M)M and since
M is a multiplication ®-module, (E(N))=radN .
Next from (*) we have:

(E(N)) s MYM < (S —radN : M)M <

(12)
(radN : MM
that is,
((E(N)) = S—radN c radN . (13)

Thuswefind that S—radN = (E(N)).

Remark. Under the conditions of Theorem 3.9, we see
that for any submodule N # M of M we aways have
RadN =S — RadN .

Proposition 3.10. Let M be a finitely generated
R—module. Then the semi-radica of a proper
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submodule N of M isthe intersection of its minimal
semiprime sub modules.

Proof. This is clear by using Theorem 3.5 and
Proposition 3.6.

For the rest of this section we state and prove some
properties of semi-radical of sub modules.

Theorem 3.11. Let B and C be sub modules of an
R —module M . Then,

(1) Bc S—-radB.

(2) S—rad(S-radB) = S—radB,
(3)S—rad(BNC)c S —radB S — radC, and we have
the equality when for every semiprime submodule P,
BnC c P impliesthat B PorC c P,

(4) S-rad(B+C)=S-rad(S-radB+ S-radC),

(5) J(B:M) c(S—radB: M),

(6) If M isfinitely generated, then S—radB=M if
andonly if B=M,

(7) If M isfinitely generated, then B+ = M if and
only if S —RadB+ S — RadC = M ,

(8) S—radl M =S—rad+/IM for everyidea 7 of R.
Proof. (1) clear.

(2) Since S — RadB is semiprime by Proposition
2.10, we have;

S —Rad (S - RadB) =S — RadB . (14)

(3) Let P be asemiprime submodule of M such that
Bc P, S0 BNCcP and hence
S—rad(BNC)c P. But P is arbitrary, therefore
S—rad(BNC)c S—radB. By a similar argument we
have S -—rad(BNC)c S—radC. Now let P be a
semiprime submodule of M such that BO\C c P
and assumethat B P.Then S—radB c P and so
S —radB(\S —radC < P. Since P isarbitrary this
implies that S —radBNS —radC < S —rad(BNC)
and hence we have the equality.

(4) Let P be asemiprime submodule of M such that
(S-radB+S-radC)cP. So S—-radBc P and
S—radCcP. Hence BcC and Cc P which
implies B+CcP. Therefore S—rad(B+C)c P.
But P ischosen arbitrary, so:

S—-rad(B+C) c S—rad(S-radB+ S—radC). (15)

Now suppose that P be a semiprime submodule such
thaa B+CcP. So BcP, and CcP. Hence
S-radBcP ad S-radCcP and therefore
S—radB+S-radCc P.

But S-rad(S-radB+S-radC)cP and we
conclude that:

S —rad(S —radB+ S —radC) c S — rad(B + C). (16)
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(5) If §—radB = M , then we have the result. So let
P be a semiprime submodule of A4 such that
BcP. so (B:M)c(P:M). We know that

(PsM) is asemiprime ideal of R and we have

shown  that HP:iM)y=(P:M). Hence
W(B: M) c(P: M) =(P: M) impliesthat:

J(B:MYM c(P:M)PCP,

and since P can be any semiprime submodule of M
containing B, we have [(B: M )M < S - radB
thatis, \(Bs M)M < (S—radM : M) .

®) If B=M, then S—radB=S—-radM =M .
Conversely, let S—radB=M , but B#M . Since
M is finitely generated. it contains a prime and so a
semiprime submodule P containing B, by Corollary
after Proposition 4 of [3]. Hence S—radB +# M, a
contradiction.

(7) Using parts (4) and (6) we have:

B+C=Mift § —rad (B+C)=M

iff S —rad (S -radB+S —radC)=M

iff S—radB+S—radC=M .

(8) If M has no semiprime submodule containing
IM ,then S — radIM = M and we have:

IcNT = IMcNIM=S—radIM c S — rad[IM

M CS—radNTM = M=S—radJTM : (17
=S —radIM.

Now let P he asemiprime submodule of M such that
IMcPso Ic(IM:M)c(P:M) and since
(P:M) issemiprime /7T c (Pt M)=(P: M).

So ﬁMgP and hence S — rad~/TM C P . Since
P isarbitrary we have:

S—radJIM c S — radIM .

Therefore S —radIM =S — rad/TM . The proof is
now compl ete.

Corollary 3.12. Let M bean R—module and / an
ideal of R. Then S—radl"M =S —radM for
every positive integer 11.

Proof. We know that V1" =+/1 . so by patt (8) of
Theorem 3.11:

S—radl"M =8 — rad~ 1" M = (18)
S —rad~JIM =S — radIM .

Proposition 3.13. Let () bea P — primary submodule
of an R—module A.Then S—radQ=S-rad (Q+PA).

Proof. We have QcQ+PA > S0

S-radQcS—rad (Q+PA).Let S—radQ=/_ R, where
any B isasemiprime submodule of A containing .
We see that

Semi-Radicals of Sub Modulesin Modules

P=(Q:A) [P :4)=(£: A) (19)

implies PACR. So (Q+r4)c P, for every i€l
and hence S—rad (Q+PA)C P, Therefore
S—rad (Q+PA) NP, AASO §_ 1240 = § — rad (Q + PA) -

Definition 3.14. Let N be a semiprime submodule of
an R—module M ,andlet p=/(N:M)=(N:M).

Wecal N a P semiprime submodule of M ,if P is
primeidea of R.

Lemma 315 Let M be a finitely generated
R —moduleand let X beamaximal ideal of R . If ¢

isa K —primary submodule of M, then S—radQisa

K — semiprime sub module.
Proof. By Theorem 3.11, pat (5), we have

K=\J(Q:M)c(S—radQ: M) .

Buu K is a maxima idea of R,
O(S—radQ:M)=Ror (S—radQ:M)=K. |If
(S—radQ: M)=R then S—radQ=M and by
Theorem 3.11, part (6) we have Q= M which is a
contradiction since ¢ is primary. Hence
(S—radQ:M)=Kand since S-—radQ is an
intersection of semiprime sub modules containing ¢ it
issemiprime and in fact K — semiprime.

Proposition 3.16. Let Ng,Nop,....,N;, be
P — semiprime sub modules of an R —module A .
Then N =N, NN, NN, isdso P —semiprime.
Proof. By Proposition 2.10, N is semiprime and we

have:
(N:M)=(NNN,NeweNN, s M)=

(N s M)N(N,: M )N e N(N, 2 M)

(20)

=PNPNeee[N\P=P.Therefore N is P—semiprime.

Lemma 3.17. Let M be amultiplication R —module
and L, N besub modulesof M . Alsolet K bea
prime idedl of R and P be a K —semiprime
submodule of AM such thanvnnLcp. |If

(N:M)z K then LC P.
NULcP=(NNL:M)c(P:M)=K=

(NeM)N(L: M) K.

Proof. We have

and since K isaprimeidea of R, (N:M)c K or
(L+M)c K- Since (N:M)zk, we find that
(L:M)c K. From this we conclude that
(L:M)M c KM ,thatis, Lc KM .But (P:M)=K
impliesthat ka7 c P. Therefore Lc KM c P
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4. Conclusion

In this research we defined the notion of a semi-radica
for sub modules of a module and find various properties
for it. We also defined and investigated modules
satisfying the semi-radica formula (st.sr.f) and
exhibited a modul e satisfying the above condition.
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