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ABSTRACT

In the current study, a particle swarm clustering method is suggested for clustering of triangular fuzzy
data. This clustering method can find the centers of the fuzzy cluster. Whatever the centers of the fuzzy
cluster have more points from the corresponding cluster, clustering accuracy increases. Triangular
fuzzy numbers are utilized to demonstrate uncertain data. To compare triangular fuzzy numbers, a
similarity criterion based on the intersection region of the fuzzy numbers is used. The performance of
the suggested clustering method has experimented on both benchmark and artificial datasets. These
datasets are used in the fuzzy form. The experiential results represent that the suggested clustering
method with fuzzy cluster centers can cluster triangular fuzzy datasets like or superior to other
standard uncertain data clustering methods. Experimental results demonstrate that, in almost all
datasets, the proposed clustering method provides better results in accuracy when compared to
Uncertain K-Means and Uncertain K-medoids algorithms.

KEYWORDS: Clustering; Particle swarm clustering method; Uncertain data; Triangular fuzzy data;

Similarity value.

1. Introduction
The particle swarm optimization (PSO) algorithm
is a swarm intelligence algorithm [1,2]. PSO
algorithm is an effort to discover the optimal
solution via the simulation of some concepts
obtained from bird flocking, bees, fish, and other
collective folks. Each particle can efficiently
attain his objective using the data that is owned
by him and the information that is assigned by
the folk. This confirms that particle swarm
optimization is an optimization procedure that
follows the laws of collective treatment. PSO
algorithm has been used in several engineering
and optimization problems [3-6]. Also, some
PSO algorithms have been proposed to solve
pattern recognition problems [7,8].
Data clustering is one of the most essential data
mining [9]. Data clustering using PSO was first
suggested by Engelbrecht and Merwe in [10].
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The idea of the PSO clustering method was to
allocate all the centers of the cluster to each
particle and update the particle by the fitness
value computed by each particle. This clustering
method is utilized on many occasions, and its
conclusions demonstrate that this clustering
method is possible to utilize in various
utilizations [3,4].

The particle swarm optimization has been utilized
only for crisp data until now. At the same time, in
real-world applications such as biomedical,
microarray, and sensor measurements, data is
mainly demonstrated by uncertain data. Uncertain
data cannot express by crisp numbers.

Uncertain data can utilize in various cases. Some
amounts should express by interval data, for
instance, the domain of the temperature during a
specified time.

Also, uncertainty may conclude from lack of
information, implicit randomness in data
generation, data staling, and weakness to do good
physical measurements or ambiguity [11]. It is
commonly relevant to lacking or incomplete
knowledge or the possibility of incidence of
given data and expertise [12]. Hence, it is a
serious subject to regard uncertain data in a
clustering algorithm.
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Clustering of uncertain data is regarded in
different articles [13-19]. In several papers,
interval data is utilized to demonstrate uncertain
data [13]. In [20], interval data clustering based
on the adaptive dynamic cluster method is
described. In [21], adaptive Hausdorff intervals
and dynamic clustering cluster interval data. In
[22], a novel clustering method based on novel
density and hierarchical density is proposed for
interval data. Likewise, using interval data in
various methods and applications is explained in
[13].

Utilizing fuzzy numbers is a popular alternative
method to illustrate uncertain data. Tayyebi et al.
suggested a fuzzy clustering method (FCM),
which clusters trapezoidal fuzzy numbers [23]. In
the mentioned paper, a linear ranking function is
applied to specify a distance for a fuzzy number.
This method can generalize to real data.
Clustering of uncertain data with heuristic
methods is one of the topics that have not yet
been investigated. So, in this paper, for the first
time, the particle swarm clustering procedure is
applied to find the centers of the optimal fuzzy
cluster in the clustering of uncertain data. In other
words, the aim of this work is to upgrade the
particle swarm clustering method to -cluster
triangular fuzzy data. In the proposed method,
whatever the centers of the fuzzy cluster have
more points from the corresponding cluster,
clustering accuracy increases.

In the proposed method, the cluster centers and
data are fuzzy. Therefore, it is necessary to
determine the similarity degree of two fuzzy
numbers.

Calculations related to determining the similarity
of two fuzzy numbers are done in three phases
[24]. The intersection region between two fuzzy
numbers is getting, firstly. In the second phase,
the value of the shape of the intersection region is
computed. Eventually, a similarity value of two
fuzzy numbers is acquired using the similarity
equation. How to compute the similarity between
two triangular fuzzy numbers in one dimension is
briefly explained in section 3.

Since any real number or interval number is a
particular kind of triangular fuzzy number, the
proposed clustering procedure can cluster
uncertain data sets of the type interval, fuzzy or
real data.

The remainder of the current article is constituted
as follows: Section 2 presents some preliminary
concepts of fuzzy theory and fuzzy numbers. The
proposed PSO algorithm for clustering triangular
fuzzy data with fuzzy cluster centers is expressed
in section 3. Section 4 reported the experiential

clustering outcomes. At last, Section 5 explains
the conclusion.

2. Preliminary Concepts

In this part, essential concepts of fuzzy sets and
theory, initialized by Bellman and Zadeh in [23],
are reviewed to apply throughout this paper. The
following impression and definitions are obtained
from [25].

Suppose G is a universal set. a: G— [0,1] is a
mapping and shows a fuzzy set. The value a (g)
of a at geG stands for the degree of membership
of g in a. A fuzzy set a is normal if there be g,
€G such that a (gy) = 1. An alpha-cut of fuzzy
number a, alpha € [0,1], is a crisp set as

alpha = {g€G: a (g)> alpha} (1)

If a fuzzy set a satisfies that Qapna is a closed
interval for every alpha € [0,1], then a is called a
fuzzy number.

Trapezoidal fuzzy number (TEN), a= (a', @’, @’,
a*) is determined as:

aalpha
g-a' 1 2
a1 a <g< a
1 a2 <g< ad
= % — g (2)
3 4
a° <g< a
T3 8

0 otherwise

To reduce the TFN a is illustrated by (a', a*, a’,
a*) (view Fig. 1.a). If a° = a’, then a is named a
triangular fuzzy number. For example, (1.5, 2, 2,
2.5) and (1.7, 2, 3, 3.4) are trapezoidal fuzzy
numbers, which may exert to qualify the fuzzy
significance of around number 2 and around
interval [2,3], respectively. The set of all
trapezoidal fuzzy numbers is specified by F(R).
Because any real number ¢ and any interval [a, b]
can be written as (¢, ¢, ¢, c¢) and (a, a, b, b),
respectively, it is evident that TFNs are an
expansion of real numbers and intervals. A
trapezoidal fuzzy vector a is a member of the
cartesian product F(R). Fig. 1.b shows an
exhibition of vector (a, b) €F’(R). The black
areas offer full membership and the gray areas
partial membership. The representations of
different numbers are shown in Fig. 2.

Next, arithmetic operations on trapezoidal fuzzy
numbers is described. Suppose p=(p', p% p°, p
Nand§=(q',q7% q°, q*) be two TFNs and w be
a real value. The addition and scalar production
operators are described as follows:
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Fig. 1. a) Membership function of TFN a= (al, &, a’, a4), b) exhibition of (a, b) EF2(R).
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Fig. 2. Types of fuzzy numbers a) Trapezoidal, b) Triangular, c) Interval, and d) Crisp.

3. Proposed Clustering Method
Clustering of uncertain data with heuristic
methods is one of the topics that have not yet
been investigated. In the current section, a new
particle swarm optimization algorithm is offered
to cluster patterns whose features are triangle
fuzzy numbers. This clustering method can find
fuzzy cluster centers. In the proposed method,
each particle provides a complete solution to
solve the intended problem.

Assumed that Zp = [Zpl,zpz, ....,an] is a
dataset where Zpk = [Zplk, szk, ....,Zptk]T, k=1,
2,3, ..,nand Zy = [Z}, Zi. 73] € F(R) for all
k=1, 2, ....nand 1=1, 2, ..., t. Thus, Zpis a part of
FY™M(R) .The goal is to division X;'s into ¢
clusters. AlSO, ffll] = [ﬁlijlrﬁlier-"rﬁlijNC] is a
fuzzy matrix of the prototype where mij; =

[ /1)y, MA);, ..., ) |7, i=1, 2, ..., N, and
fiiy; = [ i, M3, i | € FR) for all i=1, 2, ...,
N.and I=1,2, ..., t.

In the following of the suggested clustering
procedure, the degree of the similarity of all
samples with each of the random cluster centers
offered by the particle swarm algorithm is
obtained. Each sample is devoted to the cluster
whose center of the cluster is most similar to that
sample. If the similarity of a sample with all
clusters is zero, that sample is considered noise.
In the proposed method, clusters centers and data
are fuzzy. Therefore, it is necessary to determine
the similarity degree of two fuzzy numbers.
Calculations related to determining the similarity
of two fuzzy numbers are done in three phases.
The intersection region between two fuzzy
numbers is getting, firstly. In the second phase,
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the value of the shape of the intersection region is
computed, and eventually, a similarity value of
two fuzzy numbers is acquired using the
similarity equation.

In the first step, the intersection points of the
common area of two triangular fuzzy numbers

are obtained. To find the intersection points,
equations of the triangular fuzzy number line are
obtained. With the help of line equations, all
intersection points, if any, are obtained. Fig. 3
shows several different intersection area cases for
one-dimensional triangular fuzzy numbers.
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Fig. 3. Intersection area for some examples of triangular fuzzy numbers A and B.

In the second step, the area of the intersection of
two TFNs is computed using the intersection
points obtained from the previous step and
equation (7).

(X1y2—X2y1)+(X2y3—X3y2)+ -+ (XnY1—X1Yn)
2

Area =

)

In equation (7), xi and yi are the coordinates of
the intersection points for i = 1, 2,... n. In a
triangular fuzzy number, yi is between 0 and 1.
Also, n is the number of intersection points
between two TFNs.

In the third step, the similarity value of two TFNs
is obtained according to equation (8).

__ P(HND)
=S ®)

P(HNI) and P(H) is the intersection between
two fuzzy numbers H and I and the area of the
source fuzzy number H, respectively.

P(HN1) = Area ©)
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The area of triangular fuzzy number can compute
by:

widthxheight
; (10)

P(H) =
S is calculated in equation (8) for two one-
dimensional fuzzy numbers. Since the features of
artificial and benchmark  datasets are
multidimensional, to obtain S for two
multidimensional fuzzy numbers, these features
are considered independently. The degree of the
similarity of the features in each dimension is
obtained separately. The final similarity value is
the product of the values obtained.

Stotal = 51 X Sz X 53 X .. X Sk (11)

In equation (11), k is the number of features .For
example, the iris set has 150 samples related to
three types of iris flowers. Each iris sample has
four features. So, the total similarity value is:

Stotal(iris) = S1 X Sz X S3 X Sy (12)

A similarity value is a number that alters from
zero to one. 0 means dissimilar, and 1 means
entirely similar.

So, a lonely particle demonstrates a candidate
solution to a specified clustering problem. The
fitness of every particle is obtained by the next
formula.

N o
Zj=c1[zvzpeci]_ Stotal (Zp.fi)/|Cij ]

Je = (13)

N¢

where in Z, € F*(R).

In other words, the proposed algorithm solves
equation (13). In the following, the proposed
algorithm for clustering triangular fuzzy data is
described.

Proposed algorithm. The particle swarm
clustering algorithm for triangular fuzzy data
with triangular fuzzy cluster centers:

Choose the number of clusters N., and set
iteration = 1

Initialize the fuzzy cluster centroids of every
particle accidentally

For iteration =1 to iteration max do

Begin

For each particle i do

Begin

For every data vector Zp do

Begin

Compute the Siora (zp,ﬁli]-)to all centers of the
clusters ij;
Allocate Zp to cluster Ci]- so that:

Stotal(zp; fﬁii) = max {Stotal(zp;fﬁij)} vk = 1; ---;Nc (14)

End

End

Compute the fitness function via equation (13)
Update the global best and local best locations
using equations (15) and (16)

Update the centers of the clusters via formulas
(17) and (18)

End

Equations (15) to (18) correspond to the PSO
algorithm. Each particle j in the PSO has three
attributes: a present location in the search region,
P;, a current velocity, V;, and a personal best
location in the search region, X. X; is the location
in the search region where particle j introduced
the lowest error as specified by the target
function g, supposing a minimalization work.

The global best (gb) location marked by X
demonstrates the location that produces the
smallest error among all of the Xj. Formulas (15)
and (16) describe how the personal and gb
amounts are updated, respectively. It is supposed
hereunder that the group includes of n particles,
therefore j€ 1...n

X;(time + 1) =

{Xi(time) if g(X;(time) < g (Pi(time + 1))) (1 5)
B(time+1) if gX;(time)=>g (Pi(time+ 1)))

X(time) = min {g(X),g (X(time))} Xe€e

{X, (time), X, (time), ..., X, (time)} (16)

Within each iteration of the PSO, each particle is
updated by formulas (17) and (18). Equations
(17) and (18) are the velocity update formula and
position update formula in PSO.

Vj,k(time +1) =

ij,k(time) + ¢;1q i (time) [Xj,k(time) —
Pj,k(time)] + ¢y 1 (time) [Xy (time) —

P; x(time)] (17)
P(time + 1) = B (time) + Vj(time + 1)  (18)

where w is the inertia weight, ¢, and ¢, are two
positive fixed values, r; and r, are two random
values in the span [0,1], and k=1, 2, ..., Nq4. Ny
denotes the input dimensions or the number of
features. Equation (17) includes three sections.
The first section shows the current velocity of the
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particle, which exhibits its current condition; The
second section is the cognition phrase, which;
The third section is called social phrase, which
reflects the data subscription amongst the swarm.
These three sections together specify the space
searching ability.

Since real numbers, interval numbers, and TFNs
are the particular types of triangular fuzzy
numbers (TFNs), the proposed algorithm can also
use for clustering of the real, interval, or
trapezoidal data.

4. Simulation and Results
To exhibit the accuracy of the suggested
procedure, experiments on different artificial and
real data sets are discussed in this section. Also,
the evaluation criterion of the suggested
procedure will explain.

A. Evaluation criteria

In this paper, the accuracy criterion mentioned in
[22] is used to measure the accuracy of the
clustering outcomes (equation (19)). To calculate
accuracy, each cluster is devoted to the class
which is most repeated in the cluster. The
accuracy of this allocation is evaluated by
enumerating the number of samples allocated
correctly and dividing them by N. N is the total
number of samples.

accuracy (W,CC) = % 2 maxi|Qi N CG| (19)

In equation (19) the set of clusters is shown with
W= {Q,,Q, ... Q; and the set of classes is
shown with CC = {ccy, ccy, . . ., cCi}.

Also, the Rand Index (RI) criterion is used to
show the similarity between the two methods of
labeling ((equation (20)).

If the clusters are created according to the classes,
the rand index will be equal to 1.

Rand Index (W,CC) = ﬁ

(20
In equation (20), A is the number of pairs that are
together in both clusters and classes, and B is the
number of pairs that are separated from each other

both in clusters and in classes.

B. Artificial datasets

At first, we considered an artificial fuzzy dataset
in R,. This dataset is a straightforward artificial
dataset. The purpose of creating this dataset was
mere to represent the ability of the suggested
procedure in fuzzy/uncertain data clustering.
This dataset includes two clusters with ten dots.
Each dot is a TFN with two dimensions. Fig. 4
exhibits the consequence acquired from the
clustering of the first artificial dataset by utilizing
the suggested clustering method. It is evident
from Fig. 4 that the suggested clustering method
can cluster this dataset correctly.

nar

06

041 =

0Z2r

Fig. 4. The results of the suggested procedure for artificial dataset 1.

In fact, in clustering, the results are the centers of
the clusters. The proposed method can find the
fuzzy cluster centers. Each of the fuzzy cluster
centers has two parameters. The central points of
the clusters are shown with circles, and the
margins of the centers are exhibited with

rectangles. Our proposed method is performed
the clustering operation like other standard
uncertain  clustering methods such as the
Uncertain K-means and Uncertain K-medoids
methods correctly. The proposed method
achieved the best fuzzy centers of clusters. All
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data is assigned to the correct corresponding
cluster. As mentioned in the proposed method,
whatever the centers of the fuzzy cluster have
more points from the related cluster, clustering
accuracy increases. As you see in Fig. 4, the
result of clustering is such that the margins of the
fuzzy clusters cover the entire samples of each
cluster.

Two other artificial datasets with multi clusters
are considered for appraising the proposed
clustering method to solve the clustering
problem. Fig. 5 and Fig. 6 exhibit the outcome

acquired from the clustering of two multi-cluster
datasets by the suggested clustering method. The
second dataset has three clusters with fifty points.
The third dataset has five clusters with hundred
points. It can conclude that the suggested
clustering method can apply to cluster multi-
cluster fuzzy datasets. As you see in Fig. 4 and
Fig 5, the clustering outcomes are such that the
margins of the fuzzy clusters cover the entire
samples of each cluster. All data is assigned to
the correct corresponding cluster without error.

1.2+
1 L
08F
06F
04+ b
g
0zt g w0
K % Wﬂ
sl Py ¥
0.2
1

08r

06F

04r

02r

Fig. 6. The outcomes of the proposed method for artificial dataset 3.

Also, in Fig. 7, we consider the fourth artificial
data set. This dataset has non-linearly separable
clusters. This dataset consists of two clusters with
five hundred dots. Fig. 7 shows the suggested
clustering procedure can discover an optimum
fuzzy cluster center with a minimum error like

other standard uncertain clustering methods such
as the UK-means and UK-medoids methods. The
suggested clustering procedure is evaluated based
on the criterion mentioned in the “A” section
(equation (19)).
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Fig. 7. The results of the proposed method for artificial dataset 4.

C. Triangular  fuzzy  benchmark
datasets

To validate the proposed -clustering method,
seven real datasets exhibited by triangular fuzzy
variables are considered. These triangular fuzzy

datasets are iris, wine, vehicle, yeast, abalone,

glass, ecoli. The specifications of these datasets
are existent in Table 1. The accuracy of the
suggested clustering procedure is compared with
two standard uncertain data clustering methods,
including uncertain-k means and uncertain-k
medoids methods.

Tab. 1. Characteristics of benchmark datasets

Dataset Features Samples Classes
Iris 4 150 3
Vehicle 18 846 4
Wine 13 178 3
Yeast 8 1484 10
Abalone 7 4124 17
Ecoli 7 327 5
Glass 9 214 6

Iris data set

The iris triangular fuzzy data set contains 150
measurements, including petal length, petal
width, sepal length, and sepal width. These
features are described by 4 triangular fuzzy
variables. In this paper, only three features are
considered. These features represent Versicolor,

setosa, and Virginica of iris flowers. The
experimental results of the iris dataset clustering
are provided in Table 2. It can achieve from
Table 2 that the suggested clustering procedure
gives the best accuracy by 4% mis clustering
error.

Tab. 2. Mis clustering percent of the different uncertain clustering methods on the iris

dataset.
Proposed clustering uncertain-k means uncertain-k medoids
method
Mis clustering percent 4% 11.33% 10%

Wine dataset

The wine triangular fuzzy data set consists of 178
chemic to analyze of wines grown in the identic
zone an Italy but derivative from various kinds
described by 13 triangular fuzzy variables. The
number of clusters is 3. In this paper, the four

features are considered. Table 3 provides the
experimental results derived from the clustering
of the wine dataset. Table 3 confirms that the
proposed clustering procedure is the most
accurate clustering procedure for the wine dataset
by 4.49% mis clustering error.
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Tab. 3. Mis clustering percent of the different uncertain clustering methods on wine dataset.

Proposed clustering
method

uncertain-k means uncertain-k medoids

Mis clustering percent 4.49%

5.06% 7.3%

Vehicle dataset

The vehicle triangular fuzzy data set consists of
846 wvehicles described by 18 triangular fuzzy
variables. 4 "Corgie" model vehicles consist of
Chevrolet van, double-decker bus, Opel Manta
400, and Saab 9000 be used. In this paper, the
four features are considered.

Ecoli dataset

The ecoli triangular fuzzy data set consists of 327
protein localization sites described by 7 triangular
fuzzy numerical attributes. The number of
clusters is 5. In this paper, three features are
considered.

Abalone dataset

Abalone is a mollusk with a peculiar ear-shaped
shell lined with a mother of pearl. Its age can be
approximate by counting the number of rings in
its shell with a microscope, but it is a time-
consuming method. The abalone triangular fuzzy
dataset contains 4124 physical measurements of
abalones, large, edible sea snails. This dataset has
7 features consisting of Length, Height,
Diameter, Shell weight, Shucked weight, Viscera
weight, Whole weight. In this dataset, the number
of clusters is 17.

Glass dataset
The triangular fuzzy glass dataset is achieved
from USA Forensic Science Service and contains

214 pieces of glass. Each piece has a measured
reflectivity index and chemical composition. In
this dataset, 6 types of glass exist in terms of their
oxide content.

Yeast dataset

The triangular fuzzy yeast dataset consists of
1484 data about a set of yeast cells. The task is to
cluster the localization site of each cell amongst
10 conceivable alternatives. The number of
features in the yeast dataset is 8.

Table 4 exhibits the results for iris, wine, vehicle,
ecoli, abalone, glass, and yeast, respectively.
Table 4 confirms that the accuracy of the
suggested clustering method is quite comparable
to uncertain-k means and uncertain-k medoids
methods.

Also, Table 4 demonstrates that in all datasets
except yeast, the proposed clustering method
provides better results in accuracy when
compared to UK-means and UK-medoids
algorithms. Also, in Table 4, the average
accuracy of the answers for ten times the
execution of the algorithms is reported. The
proximity of the mean and the best accuracy
reported answer indicates the higher stability of
the proposed method. Also, In Table 4,
whatever the rand index (RI) is close to 1, the
clustering is better.

Tab. 4. Comparing the proposed clustering method with uncertain-k means, and uncertain-k

medoids methods on benchmark datasets

Proposed clustering method

uncertain-k means

uncertain-k medoids

Accuracy  Mean RI Accuracy

Iris 96% 94.40% 0.9495  88.67%

Wine 95.51%  95.04% 0.9488  94.94%

Vehicle 41.96%  39.50% 0.3801 40.43%

Ecoli 83.25%  80.15% 0.8312  78.90%
Abalone 26.65%  23.25% 0.7872 22%

Glass 56.74%  52.21% 0.5852  55.14%

Yeast 46.02%  44.54% 0.5687 52.18%

Mean RI Accuracy  Mean RI
84.27% 0.9273 90% 84.93% 0.9384
94.66% 0.9344  92.70%  83.26% 0.9412
37.71% 03792  40.78%  38.92% 0.3755
74.40% 0.8123  82.26%  78.37% 0.8266
19.80% 0.7892  23.30%  20.21% 0.7723
52.90% 0.5801 54.15%  52.20% 0.5791
49.35% 0.6117 52% 49.80% 0.6188

The clustering diagrams of the proposed method for some benchmark datasets are shown in Fig. 8.
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Fig. 8. The clustering diagrams for triangular fuzzy benchmark datasets.

These graphs are drawn for feature values in
dimensions 1 and 2. Because the dimensions of
the features of the benchmark dataset are more
than 2, and it is not possible to show these graphs
for all dimensions, it is not possible to analyze
and compare the results of the suggested
clustering procedure from the charts. Here, too,
the centers of the clusters obtained by the
proposed method have a central point, which is
shown as a circle, and the margins of the centers

of the cluster obtained, which are represented by
large rectangles.

5. Conclusion
The goal of the present perusal was to suggest a
particle swarm clustering method to -cluster
triangular fuzzy datasets. For this purpose, we
defined a new cost function for the traditional
particle swarm clustering method. The proposed
cost function can find optimal fuzzy cluster
centers for data whose features are expressed in
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triangular fuzzy numbers. In the proposed
method, Whatever the centers of the fuzzy cluster
have more points from the corresponding cluster,
clustering accuracy increases. To compare
triangular fuzzy numbers, a similarity criterion
based on the intersection region of the fuzzy
numbers is used.

The accuracy of the proposed clustering method
is evaluated with different artificial datasets. The
empirical outcomes of the clustering of these
datasets exhibit that our suggested procedure can
apply to cluster fuzzy datasets. Also, seven
triangular fuzzy benchmark datasets are selected
to appraise our proposed clustering method to
deal with real datasets. The results affirm that our
proposed procedure is comparable to standard
uncertain data clustering methods, including
uncertain-k means and uncertain-k medoids
methods. The experimental results on benchmark
datasets (Table 4) demonstrate that in all datasets
except Yeast, the proposed clustering method
provides better results in accuracy when
compared to UK-means and UK-medoids
algorithms.

Besides, since any real or interval data is a
particular kind of trapezoidal fuzzy data, the
proposed clustering method can apply to cluster
uncertain data sets of the type fuzzy, real, or
interval data.
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